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Abstract. Nazarov [Naz96] introduced an infinite dimensional algebra, which 
he called the affine Wenzl algebra, in his study of the Brauer algebras. In 
this paper we study certain "cyclotomic quotients" of these algebras. We 
construct the irreducible representations of these algebras in the generic case 
and use this to show that these algebras are free of rank r n (2n — 1)!! (when 
f2 is u— admissible) . We next show that these algebras are cellular and give 
a labelling for the simple modules of the cyclotomic Nazarov— Wenzl algebras 
over an arbitrary field. In particular, this gives a construction of all of the 
finite dimensional irreducible modules of the affine Wenzl algebra. 



On the occasion of Professor George Lusztig 's 60 th birthday 
1. Introduction 

The Brauer algebras were introduced by Richard Brauer [Bra37] in his study 
of representations of the symplectic and orthogonal groups. In introducing these 
algebras Brauer was motivated by Schur's theory (see [Gre80]), which links the 
representation theory of the symmetric group 6 n and the general linear group 
GL(V) via their commuting actions on "tensor space" V® n , where & n acts by 
place permutations. Analogously, the Brauer algebras are the centralizers of the 
image of a symplectic or orthogonal group in Eud(V® n ), where V is the defining 
representation of the group. 

The Brauer algebras have now been studied by many authors and they have 
applications ranging from Lie theory, to combinatorics and knot theory; see, for 
example, [BW89, Bro56, DWH99 , Eny04, FG95 , HR95, HW89a, HW89b, Jon94, LR97, 
Mar96,Naz96,Ram95,Rui05,Ter01, Wen88, Wey97,Xi00]. In this paper we are 
interested not so much in the Brauer algebra itself but in affine and cyclotomic 
analogues of it. Our starting point is a (special case of) Nazarov's [Naz96] affine 
Wenzl algebra , an algebra which could legitimately be called the degenerate 

affine BMW algebra. Nazarov introduced the affine Wenzl algebra when studying 
the action of "Jucys-Murphy operators" on the irreducible representations of the 
Brauer algebras. Nazarov's idea was that the affine Wenzl algebra should play a 
similar role in the representation theory of the Brauer algebras to that played by 
the affine degenerate Hecke algebra of type A in the representation theory of the 
symmetric group. 

Let R be a commutative ring. The representation theory of the affine Wenzl 
algebras #^f ff (Sl), where £l = {Ld a eR\a>0}, has not yet been studied. Moti- 
vated by the theory of the affine Hecke algebras and the cyclotomic Hecke alge- 
bras of type G(r,l,n) [Ari96,DJM99,Kle05] we introduce a "cyclotomic" quotient 
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W rtfl (u) = W^ s {n)/{]\ r i=l {X 1 - Ui )) of #; aff (0), which depends on an r-tuple of 
parameters u = (u\, . . . ,u r ) G R r . We call W r ^ n {u) a cyclotomic Nazarov-Wenzl 
algebra. This paper develops the representation theory of the algebras #^ n (u). 

The first question that we are faced with is whether the cyclotomic Nazarov- 
Wenzl algebra W r , n {u) is always free as an i?-module. The Brauer algebra 38 n 

is free of rank (2n - 1)!! = (2ra - 1) ■ (2n - 3) 3 • 1. We expect that the 

cyclotomic Nazarov-Wenzl algebra W r>n (u) should be free of rank r n (2n — 1)!!. In 
section 3, a detailed study of the representation theory of ^^(u) shows that, in the 
semisimple case, #^2(11) has rank r n {2n — l)!!| n= 2 if and only if is u-admissible 
(Definition . This constraint on O involves Schur's q-functions. Our first main 
result is the following. 

Theorem A. Let R be a commutative ring in which 2 is invertible. Suppose that 
u G R r and that f2 is u-admissible. Then the cyclotomic Nazarov-Wenzl algebra 
W r ^ n (u) is free as an R-module of rank r n (2n — 1)!!. 

The proof of this result occupies a large part of this paper. The idea behind 
the proof comes from [AK94]: for "generic" R we explicitly construct a class of 
irreducible representations of W r<n {u) and use them to show that the dimension of 
W r , n ( u ) / Bad W Tt n (u) is at least r n (2n — 1 ) ! ! . It is reasonably easy to produce a set 
of r"(2n — 1)!! elements which span #^ n (u), so this is enough to prove TheoremlAl 
We construct these irreducible representations by giving "seminormal forms" for 
them fTheorem l4.13l) : that is, we give explicit matrix representations for the actions 
of the generators of #^„(u). The main difficulty in this argument is in showing 
that these matrices respect the relations of W r>n (u), we do this using generating 
functions introduced by Nazarov [Naz96] . There is an additional subtlety in that we 
have to work over the real numbers in order to make a consistent choice of square 
roots in the representing matrices. 

The next main result of the paper shows that W rtTl (u) is a cellular algebra in 
the sense of Graham and Lehrer [GL96] . This gives a lot of information about the 
representations of the cyclotomic Nazarov-Wenzl algebras. For example, cellularity 
implies that the decomposition matrix of W rjn (u) is unitriangular. 

Theorem B. Suppose that 2 is invertible in R and that Q is u-admissible. Then 
the cyclotomic Nazarov-Wenzl algebra W r , n {u) is a cellular algebra. 

We prove Theorem |B] by constructing a cellular basis for W r ^ n (u). We recall the 
definition of a cellular basis in section El however, for the impatient experts we 
mention that the cell modules of #^„(u) are indexed by ordered pairs (/, A), where 
< / < [f J and A is a multipartition of n — 2f, where < / < [§J > and the bases 
of the cell modules are indexed by certain ordered triples which are in bijection 
with the n-updown A-tableaux. 

Finally we consider the irreducible ^..„(u)-modules over a field R. The cell 
modules of #^„(u) have certain quotients D^' X \ where < / < [_§ J and A is a 
multipartition of n — 2/, which the theory of cellular algebras says are either zero 
or absolutely irreducible. Now, the cyclotomic Nazarov-Wenzl algebra W r , n {x\) is 
filtered by two sided ideals with the degenerate Hecke algebras J^ !rl _2/(u) of type 
G(r, l,n— 2f) appearing as the successive quotients for < / < |_§ J ■ In section 6 
we show that the algebras Jf% tm (u) are also cellular (in fact, this is the key to 
proving Theorem [bJ; as a consequence, the irreducible J^. jm (u)-modules are the 
non-zero modules D x , where A is a multipartition of m. 

Using the results of the last paragraph we can construct all of the irreducible 
representations of the cyclotomic Nazarov-Wenzl algebras when 17 is admissible. 
This enables us to construct all finite dimensional representations of the affine Wenzl 
algebras over an algebraically closed field when fl is admissible (Theorem 17.1911 . 
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In the special case when wo ^ we also have the following classification of the 
irreducible >^„(u)-modules. 

Theorem C. Suppose that R is a field in which 2 is invertible, that f2 is u- 
admissible and that lu ^ 0. Then { D^^ | < / < |_f J , A h n - 2/ and D x ^ } 
is a complete set of pairwise non-isomorphic irreducible W r ^ n (u) -modules. 

As an application of Theorem |0 we give necessary and sufficient conditions 
for W rtn {u) to be quasi-hereditary when R is a field and luq =/= 0. 

We note that Orellana and Ram [OR], building on [LR97], gave explicit formulae 
for the seminormal representations of the affine and cyclotomic BMW algebras [OR, 
Theorem 6.20]. As the (degenerate) affine Wenzl algebra is the degeneration of the 
affine BMW algebra, it is natural to expect that we should be able to derive the 
seminormal representations of W^ S {VL) from the results of [OR]. Unfortunately, 
this is not possible because Orellana and Ram construct the seminormal represen- 
tations only for a very restrictive class of cyclotomic BMW algebras corresponding 
to certain specializations of the parameters (see [OR, Theorem 6.17(c-d)]). These 
parameter choices are sufficient for the purposes of [OR], however, it is not clear 
that "enough" of these parameter choices are u-admissible so we are unable to ex- 
ploit [OR] . We also remark we had to work quite hard to ensure that we had made 
a consistent choice of square roots in our seminormal representations (cf. Assump- 
tion^^)), and that it is not clear to us that [OR] have made a coherent choice of 
roots in their seminormal representations. 

Another possible approach to the construction of the seminormal representations 
in this paper is via Jones' "basic construction" [Wen88]. Wenzl constructed the 
semisimple irreducible representations of the Brauer algebras this way. The final 
step of his argument used the non-degeneracy of the Markov trace to show that all 
partitions of n are "permissible" (see [Wen88, Theorem 3.4]). We were unable to 
extend Wenzl's arguments to the cyclotomic Nazarov-Wenzl algebras because we 
were unable to prove that we have an analogous non-degenerate trace form. Note 
also that, a priori, it is not clear that #^„_i(u) is a subalgebra of #^„(u). 

Finally, we remark that other variants of signed and cyclotomic Brauer algebras, 
G-Brauer algebras and cyclotomic BMW have been studied previously in the papers 
[CGW05, GH, HO01, PK98, PK02, PS02, RY04]. 

NOTATIONAL INDEX 
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2. Affine and cyclotomic Nazarov-Wenzl ALGEBRAS 

In [Naz96], Nazarov introduced an affine analogue of the Brauer algebra which 
he called the (degenerate) affine Wenzl algebra. The main objects of interest in this 
paper are certain "cyclotomic" quotients of Nazarov's algebra. In this section we 
define these algebras and prove some elementary results about them. 

Fix a positive integer n and a commutative ring R with multiplicative identity Ir. 
Throughout this paper we will assume that 2 is invertible in R. 

Definition 2.1 (Nazarov [Naz96, §4]). Fix Q = { uj a \ a > } C R. The (degener- 
ate) affine Wenzl algebra W^ s = W^ R (fl) is the unital associative i?-algebra with 
generators { Si, Ei, Xj | 1 < i < n and 1 < j < n } and relations 

a) (Involutions) XiSi — SiXi + ± = Ei — 1, 
Sf = 1, for 1 < i < n. for 1 < i < n. 

b) (Affine braid relations) /) (Unwrapping relations) 

{i) S.Sj = S^Si if \i - j\ > 1, E X X{E X = u a E u for a > 0. 
(ii) SiS i+ iSi = Si+iSiSi+i, g) (Tangle relations) 

for 1 < i < n - 1, (i) E,Si = E t = S l E l , 

{Hi) SiXj = XjSi if j ^ i, i + 1. for 1 < i < n — 1, 

c) (Idempotent relations) (ii) SiE i+ iEi = Si + \Ei, 
Ef = lu E 1 , for 1 < i < n. for 1 < i < n - 2, 

d) (Commutation relations) (iii) Ei + iEiSi+\ = Ei + \Si, 

(i) S l E 3 = E j S l , if \i - j\ > 1, for 1 < i < n - 2. 

(ii) EiEj = EjEi, if \i — j\ > 1, h) (Untwisting relations) 

(Hi) EiXj — XjEi, Ei + iEiEi + i = Ei + \ and 

if j + E i E i+1 E l = E u for 1 < i < n-2. 

(iv) XiXj = XjXi, i) (Anti-symmetry relations) 

for 1 < i,j < n. Ei(Xi + X i+ i) = and 

e) (Skein relations) (Xi + X i+ i)Ei = 0, for 1 < i < n. 
SiXi — Xi + iSi = Ei — 1 and 

Our definition of differs from Nazarov's in two respects. First, Nazarov 
considers only the special case when R = C; however, as we will indicate, most of 
the arguments that we need from [Naz96] go through without change when R is an 
arbitrary ring. More significantly, Nazarov considers a more general algebra which 
is generated by the elements { Si, Ei, Xj, ui a \ 1 < i < n, 1 < j < n and a > } such 
that the ui a are central and the remaining generators satisfy the relations above. 
For our purposes it is more natural to define the elements aj a to be elements of R 
because without this assumption the cyclotomic quotients of Wjf 1 would not be 
finite dimensional. 

Note that EiEi + \Si = EiEi + iEiSi+i = EiSi+i and Si+iEiEi + i = 
SiE i+ iEiE i+ i = SiE i+ i. Thus a quick inspection of the defining relations shows 
that has the following useful involution. 

2.2. There is a unique R-linear anti-isomorphism * : — such that 

S* = S u E* = Ei and X* = Xj, 

for all 1 < i <n and all 1 < j < n. Moreover, * is an involution. 

Using the defining relations it is not hard to see that is generated by the 
elements Si, ... , S n -i,Ei,X\. There is no real advantage, however, to using this 
smaller set of generators as the corresponding relations are more complicated. 

Lemma 2.3 (cf. [Naz96, (2.6)]). Suppose that 1 < i < n and that a > 1. Then 



Si xi = x? +1 Si + J2 *i+l{Ei - 



6=1 
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Proof. We argue by induction on a. When a = 1 this is relation 12. ir e) . If a > 1 
then, by induction, we have 



SiXp 1 = SiXfXi = {xfoSi + Y,x&(Ei - \)xr h }xi 

6=1 

a 

= xf +1 SiXi + y]x$+l(Ej - 



6=1 

1-6 

6=1 

Now, by the skein relation l2~TT el. SiXi — X i+1 Si + Ej — 1, so 



6=1 

6=1 



as required. □ 



Corollary 2.4. Suppose that a > 0. 77ien 

2a+l 

i f 

W2. 



^ 2a+l 

a + l-El = - 1 — ^2a + ^ (— l) b 1 ^6-1^2a+l-6|-Bl- 
6=1 



Proof. Take i = 1 and multiply the equation in Lemma l2.3l on the left and right by 
Ei. Since SiEi = E± = E%Si, this gives 

a 

EiX{ l Ei = EiX^Ei + ^TEiX%~ 1 (Ei - l)X^~ b Ei. 

6=1 

Since EiXfEi = uj c Ei, Ei(Xi + X 2 ) — and XiX 2 = X 2 Xi we can rewrite this 
equation as 



a Ei = {-l) a u a Ei +J2(-l) b ~ 1 EiX b 1 - 1 (Ei - l)X?- b Ei 

6=1 
a 

= (-l)Wa +Y,(- 1 ) b ~ 1 ( E i X i~ 1 EiX?~ b Ei -EiX^Ei). 

6=1 
a 

= (-l) a UJ a Ei + ^(-l) b -V&-l^a-6 - Wa-l)-Bl. 
6=1 

a a 

= (-l)°w .Ei + ^(-l) b " 1 a; i ,_iWa-6 J Ei + 



6=1 6=1 



Setting a = 2a' + 1 proves the Corollary. □ 

If we assume that Ei ^ in 3^ and that is torsion free then this result 
says that the u) a , for a odd, are determined by the u>b, for b even. 

Remark 2.5. If a > then the proof of the Corollary also gives the identity 

2a 

= { 53(-l) 6 - 1 W i _iW2 _ 6 }^l. 
6=1 
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However, this relation holds automatically because 



2a a 



2ti 



^(-l) b 1 U) b - 1 U! 2a -b = ^(-l) 6 lu) b-lU2a-b 



+ S ( _1 ) 6 luj b-1^2a-b 



5=1 5=1 



6=a+l 



a 



a 



= ^(-l) 6 ^6-1^20-6 



+ ^ ( _ 1) 2a-5' LL , 2a _ b/Wfc/ _ i 



6=1 



6' = 1 



= 0. 



Before we define the cyclotomic quotients of y^„ aff , which are the main objects 
of study in this paper, we recall some standard definitions and notation from the 
theory of Brauer algebras and some of Nazarov's results. 

A Brauer diagram on the 2n vertices {1, . . . ,n, 1, . . . , n} is a graph with n edges 
such that each vertex lies on a (unique) edge. Equivalently, a Brauer diagram is a 
partitioning of {1, . . . , n, 1 . . . , n} into n two element subsets. Let B(n) be the set 
of all Brauer diagrams on {1, . . . , n, 1, . . . , n}. Then #B(n) = (2n — 1)!!. 

Let 7 G B(n) be a Brauer diagram. A vertical edge in 7 is any edge of the form 
{to, to}, where 1 < m < n. Horizontal edges are edges of the form {m,p}, or {m,p}, 
where 1 < to < p < n. 

For i = 1, . . . , n — 1 let 7(4, i + 1) be the Brauer diagram with edges {i, i + 1}, 
{i + 1, i) and all other edges being vertical. Similarly, let 7^ be the Brauer diagram 
with edges {i, i + 1}, {i, i + 1}, and with all other edges being vertical. We set Si = 
b~/U, i+i) and = 6 7i . We also let -f e be the graph with edges {{«,«} | 1 <i< n }. 

Brauer diagrams can be represented diagrammatically as in the following exam- 
ples. The vertices in the first rows are labelled from left to right as 1 to 4, and the 
vertices in the second row are labelled 1 to 4. 



Given two Brauer diagrams 7,7' G B(n) we define their product to be the dia- 
gram 7*7' which is obtained by identifying vertex i in 7 with vertex i in 7', for 
1 < i < n. Let £(7, 7') be the number of loops in the graph 7*7' and let 707' be 
the Brauer diagram obtained by deleting these loops. The following pictures give 
two examples of the multiplication 707' of diagrams. 



In the first example 7 = 7(1,2), 7' = 72 and £(7,7') = 0. In the second example 
7 = 7' = 72 and ^(7,7') = 1. 

Recall that R is a commutative ring. 

Definition 2.6 (Brauer [Bra37]). Suppose that w££ The Brauer algebra 3§ n (uj), 
with parameter u>, is the i?-algebra which is free as an i?-modulc with basis 
{ 6 7 I 7 G B(n) } and with multiplication determined by 



for 7, 7' G B(n). 

It is easy to see that 3§ n (w) is an associative algebra with identity 6 7c . We abuse 
notation and sometimes write 1 = & 7e . 

The second example above indicates that ef = uci, for 1 < i < n. Similarly, 
s? = 1, for 1 < i < n. 




and 





6 7 6 7 / =u> e ^^b. 



CYCLOTOMIC NAZAROV-WENZL ALGEBRAS 



7 



Let & n be the symmetric group on n letters. To each permutation w £ & n 
we associate the Brauer diagram j(w) which has edges { {i, w(i)} | for 1 < i < n }. 
Notice that if w = 1) then this is consistent with the notation introduced 

above for the elements Si = & 7 ( ii+1 ) £ £$ n {u>). 

The diagrams { 7(10) | w £ & n } are precisely the Brauer diagrams which do not 
have any horizontal edges. It is easy to see that the map w <—> b^r w \ induces an 
algebra embedding of the group ring R& n of & n into 3$ n (uj). In this way, R& n can 
be considered as a subalgebra of SS n (oj). 

There is a well-known presentation of £$ n (u>), which we now describe. See 
[MWOO] for example. 

Proposition 2.7. Suppose that R is a commutative ring. The Brauer algebra 
£$ n (u) is generated by the elements Sx, . . . , s n _i, ei, . . . , e„_i subject to the relations 

2 _ 1 2 _ _ _ 

S^ — 1, 6^ — LOe^, S^Ci — C^Sj — 6^, 

S%Sj — SjSi, S{Cj CjS^, Ci€j — CjCi, 

SfeSfe+iSfe = Sk+iSkSk+i, ekek+iek = efe, ek+xekSk+i = e^+i, 

SkCk+iSk — Sk+iek, ek+iekSk+i = ek+iSk, 

where 1 < i, j • < n, with \i — j\ > 1, and 1 < k < n — 1 

Let Sij — 6 7 (j j), and let e%j = b 7ij where 7y is the Brauer diagram with edges 
{hj}, {hj} and {k,k}, for k 

Corollary 2.8 (Nazarov [Naz96, (2.2)]). Suppose that u> £ R and let ft — 

{u a a > 0}, where uo a = uo^^^-^ , for a > 0. Then there is a surjective alge- 
bra homomorphism ir : — >^ n {ui) which is determined by 

n(Si) = Si, ir(Ei) = a, and ir(Xj) = — - h ^{s k j - e k j), 

k=X 

for 1 < i < n and 1 < j < n. Moreover, kern = (Xi — ( ii ^-)), so that 
W«B{V)/(X X (^i)) - <g n ( u ). 

Notice, in particular, that ir(Xi) = ^^j^. To prove this result it is enough to 
show that the elements ir(Xj), for 1 < j < n, satisfy the relations in #^f ff (il). For 
these calculations see [Naz96, Lemma 2.1 and Proposition 2.3]. 

Fix a Brauer diagram 7 6 B(n). By Proposition 12 . 71 we can write & 7 as a word 
in the generators s\, . . . , s„_i, ex,..., e n -x- Fix such a word for 6 7 and let B 1 £ 
#^ aff (f2) be the corresponding word in the generators S x , ■■■ , S n -x,Ex, ■ ■ ■ , E n _x- 
Then 7r(£> 7 ) = £> 7 . 

Given a, (3 £ Nq and 7 £ B(n) write 

X a Br 1 X p = X" 1 . . . X^B 1 X^ 1 . . . X% n . 

We want to use these monomials to give a basis of W^ s (fl). The anti-symmetry 
relations Ei(Xi + Xi+x) = 0, for 1 < i < n, show that the set of all monomials is 
not linearly independent. In Theorem 12 . 121 below we will show that the following 
monomials are linearly independent. 

Definition 2.9. Suppose that a, (3 £ N„ and 7 £ B(n). A monomial X a B 1 X fi 
in W r f(n) is regular if 

a) a r = whenever r is the left endpoint of a horizontal edge in the top row 
of 7. 

b) if Pi ^ then I is the left endpoint of a horizontal edge in the bottom row 
of 7. 
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We can view a regular monomial X a B 1 X" as a Brauer diagram if we colour the 
horizontal and vertical edges with the non-negative integers using a and (5. 

Following Corollary 12.41 we also make the following definition. (Recall that we 
are assuming that 2 is invertible in R.) 

Definition 2.10. Let fl = { uj a G R \ a > }. Then fi is admissible if 

^ 2a+l 

^2a+l = g { ~ ^2a + ^ (~ 1 ) & ~ 1 1 W 2a+l-fc } , 
6=1 

for all a > 0. 

By Corollarv l2.4l i?] is a torsion element if £1 is not admissible. 

Remark 2.11. Let y be an indeterminate and consider the generating series 
Wi(y) — Yla>o LO ay a ■ Then the condition for fl to be admissible can be writ- 
ten as 

(w^y) +y-\) (Wx(-y) -y-\) = {\- y){\ + y). 

Similar generating functions play an important role in section 4. 

Theorem 2.12 (Nazarov [Naz96, Theorem 4.6]). Suppose R is a com- 
mutative ring in which 2 is a unit and that Q = {uj a G R \ a > 0} 
is admissible. Then W^(ft) is free as an R-module with basis 

{X a B 1 X f} \a,/3e N£,7 G B(n), andX a B 1 X (i is regular}. 

Sketch of proof . We have defined the elements of ft to be scalars, but 
Nazarov [Naz96] works with a larger algebra #^ aff (f2) generated by elements Si, 
Ei, Xj, for 1 < i < n and 1 < j < n, and fl = {Q a \ a > 0} where these genera- 
tors satisfy the same relations as the corresponding generators of W^ s (fl) except 

that the elements of fl are central elements of W^ s (fl), rather than scalars. Hence, 

W£ a (fi) = W^f(fi)/I, where I is the two sided ideal of Wjf(fi) generated by the 
elements { u) a — uj a \ a > }. 

Nazarov puts a grading on W^ s {fl) by setting degS^ — deg Ei — degcD a = and 
degXi = 1. To prove the result it is enough to work with the associated graded 
algebra gr{W r f s {fl)), where the grading is that induced by the degree function. The 
arguments of Lemma 4.4 and Lemma 4.5 from [Naz96] go through without change 

for an arbitrary ring, so W^ s (fl) is spanned by 

a,/3 G N%, 7 G B(n), h 2i > 0, for i > 

with only finitely many hn ^ J ' 

where the monomials X a B 1 X 13 are all regular (see [Naz96, Theorem 4.6]). This 
implies that the regular monomials span W^ s (fl) for any ring R. 

To complete the proof we first consider the case where the elements of fl' are 
indeterminates over Z and we consider the affine Wenzl algebras defined over the 
field C(fl') and over the ring Z[0']. We write W^ n {fl') = W£ s {fl') to emphasize 
that #„ aff (tt') is defined over the ring R. 

Using Nazarov's algebra W 7 f s {fl') and arguing as above, it follows from [Naz96, 
Lemma 4.8] that the set of regular monomials are linearly independent when R = 
C(fl'). By the last paragraph, the regular monomials span ^j^/j „(^')- Using the 
natural map W^njfl') — ► W^ ni)n {fl') it follows that ^o'].n( fi ') is free as a 
Z[f2']-modulc and has basis the set of regular monomials. Hence, by a specialization 
argument, if R is arbitrary ring R and fl C R then 

W^(fl) s W z %, ]in (Q') ® z[fy] R, 



{ 



X a B^X^u- h2 - hi 
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where we consider R as a Z[f2'] -module by letting uj' a £ il' act on R as multiplication 
by oj a £ n, for a > 0. Hence, #^(0) is free as an i?-modulc with basis the set of 
regular monomials as claimed. □ 

We are now ready to define the cyclotomic Nazarov-Wenzl algebras. We assume 
henceforth that f2 is admissible. 

Definition 2.13. Fix an integer r > 1 and u = (ui,...,u r ) £ R r . The cy- 
clotomic Nazarov-Wenzl algebra W r , n = #^,„(u) is the i?-algebra #;f ff (ft)/((Ai - 
ui) ... (Xi - u r )). 

We should write ^- >n (u, f2), however, in section 3 we will restrict to the case 
where fl is u-admissiblc fDcfmition l3.6fl . which implies that u> a is determined by u, 
for a > 0. For this reason we omit Vi from the notation for W r , n (xi). 

By Corollary 12 . 81 the Brauer algebras £$ n (u>) are a special case of the cyclotomic 
Nazarov-Wenzl algebras corresponding to r = 1 and ft = {uj( ii ^-) a \ a > 0}. 

By definition there is a surjection 7r r! „ : (Vl) — >#^.„(u). Abusing notation, 
we write Si = n r ,n(Si), E t = 7T rjTl (£,•), X,- = 7T ri „(Xj), and S 7 = 7r r! „(S 7 ) for 
1 < i < n, 1 < j < n and 7 £ B(n). 

Notice that because (X\ — u±)...(Xi — u r ) = in #^„(u) the cyclotomic 
Nazarov-Wenzl algebras have only r unwrapping relations; that is, we only need to 
impose the relations EiX^Ei = u> a Ei, for < a < r — 1. 

Every ^ in (u)-module can be considered as a #^ aff (Sl)-module by inflation along 
the surjection 7r r! „ : #^ ff (f2) — >#^ n (u). In particular, every irreducible #^„(u)- 
module is also an irreducible #^ (f2)-module. Conversely, it is not hard to see 
that every irreducible #^ (fi)-module M over an algebraically closed field can 
be considered as an irreducible module for some cyclotomic Nazarov-Wenzl alge- 
bra W r .n(u), where u depends on and M. At first sight this is not very useful 
because almost all of the results in this paper require that f2 be u-admissible (Def- 
inition EH an d, m general, it seems unlikely that f2 will be u-admissible for all of 
the parameters u that arise in this way. Nevertheless, this observation and the the- 
ory of cellular algebras allows us to construct all of the finite dimensional (£1) 
modules over an algebraically closed field when f2 is admissible; see Theorem 17. 191 

For our first result about the cyclotomic Nazarov-Wenzl algebras we prove the 
easy half of Theorem^] That is, we show that W r , n {^) is spanned by r n (2n — 1)!! 
elements. 

Definition 2.14. Suppose that a, (3 £ Ng and 7 £ B(n). 

a) The monomial X a B~ f X f3 in W r , n (u) is regu is a regular mono- 
mial in w* s (n). 

b) The monomial X a B~ ( X 13 in #^„(u) is r-regular if it is regular and < 
&i,Pi < t, for all 1 < i < n. 

Proposition 2.15. The cyclotomic Nazarov-Wenzl algebra W r ^ n (xi) is spanned by 
the set of r-regular monomials {X a B~ f X /3 } . In particular, if R is a field then 

dim R W rin {u) <r n (2n-l)\\. 

Proof. By Theorem 12.121 and the definitions, #^„(u) is spanned by the regular 
monomials in W r>n (vL). As in the proof of Theorem 12.121 we put a grading on 
yf rjl (u). Then in the associated graded algebra, gr #^„(u), we have the relation 
(Xi — ui) ■ ■ ■ (Xi — u r ) = 0. We claim that the regular monomial X a B J X /3 can 
be written as a linear combination of r-regular monomials. If X a B 1 X@ is an r— 
regular monomial then there is nothing to prove so we may assume that X a B 1 X f} 
is not r-regular and, in particular, that \a\ + |/3| > 0. Then, using the relation 
(Xi — ui) ■ ■ ■ (Xi — u r ) = we can subtract a linear combination of r-regular 
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monomials from X a B 7 X^ to obtain a linear combination of regular elements of 
smaller degree. The claim now follows by induction. 

Finally, a counting argument shows that the number of r-regular monomials is 
equal to r"(2n-l)!!. Therefore, if R is afield then dim^ 5^,„(u) < r"(2n-l)!!. □ 

The degenerate (cyclotomic) Hecke algebra J%- tn (u) of type G(r, l,n) is the unital 
associative i?-algebra with generators T\, . . . , T n —\, Y%, . . . , Y n and relations 

(Y 1 - Ul )...(Y 1 -u r ) = o, t? = i, 

-m i-j — Tj Ti , y ik — y^ y , 

TiYi — Y; L+ iTi = — 1, yTi — TiYi + i = — 1, 

^j'^j+i^j' = ^i+i^i^j'+i; ^y = y^i) 

for 1 < i < n, 1 < j < n — 1 with |i — j\ > 1, 1 < k < n and I ^ i, i + 1. Therefore 
there is a surjective algebra homomorphism W r ^ n (u) — ► J4? r ^ n (u) determined by 

Si i— > Tj, £"i i— > 0, and .Xj i— > Yy, 

for 1 < i < n and 1 < j < n. (In fact, a special case of Proposition l7. 21 below shows 
that Jf rtn (u) = W r ^ n (\i) / {Ei) .) Consequently, every irreducible ,^„(u)-module 
can be considered as an irreducible W r _ n (u)-module via inflation. These irreducible 
modules are precisely the irrcducibles upon which Ei acts as zero. We record this 
fact for future use. 

Corollary 2.16. Suppose that R is a field and that M is an irreducible #^.„(u)- 
module which is annihilated by some Ei. Then M is an irreducible Jf? r ^ n (u)-module. 

Proof. As Ei + \ = SiSi+\EiSi+\Si and Sj is invertible for all j, the two-sided ideal 
of %r,n( u ) generated by E\ is the same as the two-sided ideal generated by Ei, for 
1 < i < n. The result now follows from the remarks above. □ 

Recall that the degenerate affine Hecke algebra is a finitely generated module over 
its center (see, for example, [Kle05]), which is the ring of the symmetric polynomials 
in y, . . . , Y n . This fact, together with Dixmier's version of Schur's lemma, implies 
that all of the irreducible modules of the degenerate affine Hecke algebra are finite 
dimensional. 

By the last paragraph the power sum symmetric functions are central elements 
of the degenerate affine Hecke algebra. In contrast, only the power sums of odd 
degree are central in W r f s (fl). Another difference is that the affine Wenzl algebra is 
not finitely generated over its center. To see this, we give an example of an infinite 
dimensional irreducible W% (fi)-module. 

Example 2.17. Suppose that is admissible and that W\(y) = J2 a >o UJa y a * s 
not a rational function in y. Consider V = ® n >oRv n - Define an action of #^ aff (f2) 
on V by Ev n = uj u vo, Xiv n = v n+ i, X 2 v n = -u„+i and 

n-l 

Sv n = (-l) n v n - ew„_i + y^(-l) fc u n -fc-i«fc, 

fc=0 

where e = 1, if n = 1 (mod 2), and e — 0, otherwise. All of the defining relations 
except for the relation S 2 = 1 are easy to check. As S 2 commutes with X\, 
S 2 vq = vq and X\v n = i> n +i, we have that S 2 acts as the identity on V . 

Now we show that V is irreducible. Let W be a (Sl)-submodule of V. 
Suppose that EW — 0. If X) c nV n S W then ^ c n cu n+ k = 0, for all k > 0. As the 
vectors {(u>k> ^k+i, ■ ■ ■ ) G i?°°|fc > 0} span an infinite dimensional subspace of R°°, 
we have c n = 0, for all n > 0. Hence W = 0. Thus, W ^ implies EW ^ 0. Then 
v e W and W = V. Therefore, V is an irreducible /^> afi (f2)-module as claimed. 
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In light of this example, we restrict our attention to finite dimensional #„ (O)- 
modules in what follows. 

3. Restrictions on ft and the irreducible representations of W r , 2 

In this section we explicitly compute the (possible) irreducible representations 
of the cyclotomic Nazarov-Wenzl algebras #^2(11). As a consequence we find a 
set of conditions on the parameter set f2 which ensure that $^2(11) has dimension 
3 ? ,2 _ r n(2n — 1)!! \ n —2 when R is a field. In the next section we will see that these 
conditions on f2 are exactly what we need for general n. 

The cyclotomic Nazarov-Wenzl algebra W r .2(u) is generated by S\,E\,Xi and 
X 2 . Throughout this section we suppose that R is an algebraically closed field and, 
for convenience, we set S = Si and E = E\. 

Proposition 3.1. Suppose that M is an irreducible W r , 2 (\i) -module such that 
EM = 0. Then either: 

a) M — Rm is one dimensional and the action of W r . 2 {x\) is determined by 

Sm = em, Em — 0, X\m = Uim, and X 2 m — (ui + s)m, 

where e = ±1 and 1 < i < r. In particular, up to isomorphism, there are at 
most 2r such representations. 

b) M is two dimensional and the action ofW r ^{yL) is given by 

£~(oo), and X 2 »(^l), 

for some non-zero b,c S R such that be = (ui — Uj) 2 — 1, where Ui 7^ Uj. Up 
to isomorphism there are at most (!j such representations. 

c) M is two dimensional and the action ofW ri2 (ii) is given by 

s~(oi), £-(88). ^-(o 4 ^ 1 ). ™d x 2 ^(^l). 

Up to isomorphism there are at most r such representations. 

Proof. As noted in Corollary 12. 161 M is an irreducible J^ 2 (u)-module. The re- 
sult now follows from the representation theory of J$? rt2 (\i): choose a simultaneous 
eigenvector m of R[Y U Y 2 ]. Then, because J? r , 2 (u) = 'r[Yi, Y 2 ] + TiR[Y u Y 2 ], if M 
is not one dimensional then it must be two dimensional. If this is the case, {m, Sm} 
is a basis of M. Further, if the eigenvalues for the action Y\ on M are distinct, then 
we can simultaneously diagonalize Y\ and Y 2 . All of our claims now follow. □ 

Note that since nl=i(^i ~ u i) ac ts as zero on M, case (c) can only arise if the Ui 
are not pairwise distinct. The irreducible representations of ^ j2 (u) upon which E 
acts non-trivially take more effort to understand. 

Proposition 3.2. Let F be a field in which 2 is invertible and that u\,...,u r are 
algebraically independent over F. Let R — F(u±, . . . ,u r ) and let W T>2 (xi) be the 
cyclotomic Nazarov-Wenzl algebra defined over R, where ujq 7^ 0. Then #^2(11) 
has a unique irreducible module M such that EM 7^ 0. Moreover, if d = dim^M 
then d < r and there exists a basis {mi, . . . , of M and scalars {vi, . . . , Vd} C 
{til, . . . , u r }, with Vi / Vj when i 7^ j, such that for 1 < i < d the following hold: 

a) X\mi = vimi and X 2 mi = —Vimi, 

b) Emi = 7j(mi + • • • + mg) and 

c) Smi = -4; m l + — — m<, 

2vi *rf. Vi + Vj 
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where 7; = (2«j — (— l) d ) TT Vl — Vj . Moreover, uo a = Xw=i u?7j, /or aiZ a > 0; 
and, in particular, 



i<j<d 



LO = 




v d), if d is even, 

Vd) + 1, if d is odd. 



Conversely, if u a = Ylj=i v j7ji f or a ^ a — 0j then (a)-(c) define a #^,2(11)- 
module M with EM ^ 0. 

Proof. Suppose that M is an irreducible #^2-module such that EM ^ 0. Note that 
M is finite dimensional. Let d = diniR M. We first show that (a)-(c) hold. Since 
u\, . . . ,u r are pairwise distinct, we can fix a basis {mi, . . . , to^} of M consisting of 
eigenvectors for X\. Write Aim, = ViVrn, for some v% S {u\, ■ ■ ■ ,u r }. 

Set / := -±-E. This is a non-zero idempotent and fM ^ since EM 7^ 0. 

Fix an element ^ to G fM. Then Em = ujQm and Sm — m (since SE = E). 
As = {X\ + X 2 )Em = (Xi + A 2 )w to, we have (Ai + X 2 )m = 0. However, 
X\ + X2 is central in Wr,2, so X% + X 2 acts as a scalar on M by Schur's lemma. 
Hence, X 2 mi — —X\mi = —Virrii, for i = 1, . . . , d, proving (a). 

We claim that {to, X\m, . . . , Xf~ 1 m} is a basis of M. To see this, for any a > 
let M a be the i?-submodule of M spanned by {m, X\m, . . . , A°to}. Notice that 
M a is closed under left multiplication by E since if k > then 

EX\m = EX\fm = —EX^Em = —Em = uj k m. 

Also, by Lemma \'2. 31 

a 

SAfm = (A 2 Q S + J2 x t\ E - l)X?- b )m 
b=l 
a 

= A 2 q to + V (X%- 1 EX?- b E—m - A^A^V) 
= X 2 m + Y (^x\- x Em - X^X^m) 



6=1 



So, M a is closed under multiplication by S. Choose a > to be minimal such 
that {m,X\m, . . . ,I° +1 m} is not linearly independent. Since Ij +1 m S M Q , M a 
is closed under multiplication by X\. Hence, M a = M since M is irreducible. By 
counting dimensions, M = Md~i, proving the claim. 

Next we show that EM = Rm. Suppose that m' = J2t=o c%X\m G EM. Then 



d-l , d-1 -, .d-1 

CiUJi I TO, 



m' = — £W = — V CiEX\m = CiEXiEm = ( V 

-o 2 ^ 

since i?a = cooa whenever a € EM. Hence, EM = i?m, as claimed. 

Recall that we have fixed a basis {mi, . . . , to^} of M. Write to = Ylt=i r i m i> f° r 
some ri € i?. Suppose that r$ = for some i. Then 

n - Vi ) • to = 0. 

i<i<d 
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This contradicts the linear independence of {m, X\m, . . . ,Xf~ l m}\ hence, 7^ 
for i = 1, . . . , d. By rescaling the TO i; if necessary, we can and do assume that 
to = toi + • • • + irid in the following. 

By the argument of the last paragraph, all of the eigenvalues {v\, . . . , Vd} of to 
must be distinct. This also shows that d — dimM < r and that {v\, . . . , Vd} are 
algebraically independent (since we are assuming that m, . . . ,u r are algebraically 
independent). In particular, Vi and Vi +vj, for i ^ j, are invertible. So the formula 
in part (c) makes sense. 

As EM = Rm, we can define elements 7, G R by 

Effii = 7i?n = 7j(mi H h m d ), for i = 1, . . . , d. 

Write Srrii = X)j=i c ^ m i- Then XiSrrii — S^^t = (-E — l)mi reads 

^ c^Vjrrij + Vi(^2 c f )m j) = 7i( m i H 1- m d) - mj. 

i=i j=i 

Thus, («j + vj)c^ = 7^ — 5y and wc have 

Suii = — m l + } ■ rrij. 

2v t ^f. Vi + vj 

This proves (c). 

Next we prove the formula for 7$ given in (b) . Since E = SE we find that 

d d _^ 

7i ^ m 3 - = £ mi = SSmi = 7i ^ { ^— + E TTT } m i ■ 

j=l j=l 3 kjij 3 

for i = 1, . . . , r. Note that some 7* is non-zero, since BM 7^ 0. Thus, comparing 
the coefficient of rrij on both sides shows that 

d 1 

y^^ = i + ^, 

for j = 1, . . . ,d. 

\ d -1 

We claim that det (__) 1 ^ (J = ( JJ 2^) JJ (JJ^) 2 . To see this, 

observe that 

d 

( LI 11^ + *i? det ^ d 

«— 1 i>j 1 3 

is a symmetric polynomial in v\, . . . , Vd which is divisible by Vi — vj for i ^ j. This 
shows that this determinant is a constant multiple of Yii>j ( v i ~ v j) ■ To determine 
the constant, we multiply det \ v .+ v . ) x<i j <d by v n , set v n — 00 and use induction. 

By the last paragraph, the matrix ( is invertible, so 71, ... ,7^ are 

uniquely determined. Hence, to prove the formula for 7$ it suffices to show that 

2i; fc - (~l) d -pr ffc + Vj _ 1 1 

fc=l J t^tk J 

for 1 < j < d. Let f(z) = 2z7z+«7 IliLi f^T an d view /(z) as an element of the 
function field of the projective line defined over F(vi, . . . , Vd)- Then, the left hand 
side can be interpreted as the sum ^^ =1 Res z= „ t f(z)dz, where Res z= „ f(z)dz is 



14 



SUSUMU ARIKI, ANDREW MATHAS, AND HEBING RUI 



the residue of f(z) at v, if v ^ oo, and it is the residue of — -tt/(-) at 0, if v = oo. 
Thus, the residue theorem for complete non-singular curves implies that 

' 2v k -(-l) d jTV h + v i ^_, f{z)dz + Resf{z)dz ) =1 + J-, 
as required. Hence, we have shown that, for 1 < j ' < d, 

7.-<^-(-irtn^s. 

so (b) is proved. (For a combinatorial proof see Proposition I4.21f al below.) 

Now, since Em — ojo m an d m = 53;=i we have that ujq = ^2i=i 7<- Similarly, 
we have that w a = X^j=i v j7j because 

w Q m = — £m = —EX?Em = EX"m 

LU LOq 



d d 

^«?7 



= ^ ^A^m, = vfErrii = ( 
i=i 

We now show that 



t=i 



d 

= y 7» = 




• + u<j), if d is even, 
" 1 2f«i H h v d ) + 1, if d is odd. 



To evaluate 53i=i 7«j we consider <?(z) = 2z |- ^ Jlf=i f-TT an0 - interpret the sum 
as y^.j Res 2= „ i g(z)dz. Then the residue theorem gives the desired formula for ujq. 

We next show that M is uniquely determined, up to isomorphism. Suppose 
that W r ^ n (u) has another irreducible module of dimension d! upon which e acts 
non-trivially. Then, by the argument above, 



w 




if d! is even, 
if d' is odd, 



for some v[, . . . , v' d , C {u\, . . . , u r }. As we are assuming that u±, . . . , u r are al- 
gebraically independent, this forces d! = d and = vu\„, for some cr S 6<j and 
1 < % < d. Hence, by (a)-(c), M = M' as required. 

Finally, it remains to verify that (a)-(c) define a representation of W r _ 2 (u) when- 
ever uj a — J2i=i v i7i' f° r a — an( i li as a bove. It is easy to check that the 
action respects the relations E{X\ + A 2 ) = = {X\ + X 2 )E, EX^E = uj a E and 
XiS - SX 2 = E - 1 = SXi - X 2 S. That SE = E and ES = E on M, fol- 
lows from the identity Ylk=i v *+v k = 1 + 2^7" proved above. We now prove that 
S 2 = 1. Observe that S 12 commutes with X\ when acting on M. As the Vi are 
pairwise distinct, we have S 2 rrii = Cjmj, for some q £ R. Explicit computation 
shows that c, = + 7, Y^j—i ( v .+ v .yt ■ Computing the residues of h(z)dz, when 

h (z) = 2 2 Z Z ( Z +S n*=i P roves that Ci = 1, far 1 < i < d. □ 

Remark 3.3. The action of Ai on an irreducible >^2 (u)-module is not semisimple 
in general. For example, let f2 be given by ujq = 1, u>± = and 

1 1 

2 lb 

for a > 0. For r = 2 we set (tlx, 1*2) = an d for r = 3 set (ui, 112,113) — 

(4, i, —5). Then #^2(11) has a two dimensional irreducible module upon which the 
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generators act as follows: 

^-foo). ^^fo-l), *1 ~(-*?) and X ? 



x 

Further, X 1 - \ ^ and (Xi - \) 2 = 0. 

Theorem 3.4. Let F be a field in which 2 is invertible and that u\,...,u r are 
algebraically independent over F . Let R — F(u\, . . . , u r ) and suppose that "W r ^.(\x) 
is a split semisimple R-algebra and that luq =/= 0. Then ^.,2(1) has dimension 
3r 2 = r n (2n — 1)!! \ n= 2 if and only 2/^,2(11) has an irreducible representation of 
dimension r upon which E acts non-trivially. 

Proof. We have constructed all the irreducible in Propositions 13.11 

and 13.21 above. Under our assumptions, Proposition 13.11 implies that #^2(11) has 
(a) 2r pairwise non-isomorphic one dimensional representations and (b) u) pair- 
wise non-isomorphic two dimensional representations. Note that case (c) from 
Proposition 13. l| does not occur since u\,...,u r are pairwise distinct. Further, 
Proposition 13.21 implies that W r ^{p) has a unique irreducible representation M 
such that EM ^ and, moreover, if d = dimM then 1 < d < r. Hence, by the 
Wedderburn-Artin theorem we have 

dim^ r>2 (u) = 2r + 4Q + d 2 = 2r 2 + d 2 , 

so that dim #^2(11) = 3r 2 if and only if r = d. The result follows. □ 

Note that by Proposition 13. 21 under the conditions of the theorem, W r ^.{\\) has 
a (unique) representation of dimension r upon which E acts non-trivially if and 

only if uj a = ^=1 for « > °> where 7* = (2u; - (-l) r ) Jj 



Ui 
3¥=i 



Recall that Schur's ^-functions g a = g a (x) in the indeterminates 
(afi, . . . , x r ) [Mac95, p. 250] are dehned by the equation 



nf 



x iV I \ a 

%y a>0 



Note that g a (x) is a polynomial in x, for all a > 0. 

Lemma 3.5. Assume that R is an integral domain and that 2 is invertible in R. 
Suppose that u £ R r , with Ui — Uj 7^ whenever i ^= j . Let F be the quotient field 
of R and for a > define 



(2« i -(-ir)«? n — ^. 

- L - L Uj — It," 



l=J= r * 

as m Theorem \t!.4\ Then uj a — g a +i(u) — i(— l) r g a (u) + i<5 a o- Ln particular, 

uj a e i?. 

Proof. If a = then the result follows from Proposition 13.21 so we can assume 
that a > 0. Let f(z) = ^z a ~ 1 {2z - (-l) r ) ^=1 f_^- Then w a can be interpreted 
as J^i=i R- es z=tii = — Res z=00 f(z) dz. Calculating the residue of f(z)dz at 

z = 00 now shows that oj a — g a +i(u) — |(— l) r g a (u) + ^<5 a o. (See [Mac95, (2.9), 
p. 209] for a more direct proof.) Hence, ui a S i? since flb(x) G i?[x], for 6 > 0. □ 

We want the cyclotomic Nazarov-Wenzl algebras to be "cyclotomic" generaliza- 
tions of the Brauer algebras. In particular, we want them to be free i?-modules 
of rank r n (2n — 1)!!. Theorem 13 . 41 gives sufficient conditions on£l = {cj a |a>0} 
for #^2(u) to have dimension r n (2n — 1)!! when R is an algebraically closed field 
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and n — 2. Consequently, in our study of W r _ n (u) we will require that f2 have the 
following property. 

Definition 3.6. Let r2 = {w a |a>0}Ci? and suppose that u 6 R r . Then f2 is 
u-admissible if uj a = g 0+ i(u) - |(-l) r g (u) + ±6 a0) for a > 0. 

Remark 3.7. Let R = Z[u] where Ux,...,u r are indeterminates. Assume that 
each u> a , for a > 0, is a polynomial in u and that ujq ^ 0. Then, by Theorem 13.41 
and Theorems 15.31 and 17.171 below, f2 is u-admissible if and only if 

a) W rtn {VL) <8>z[u] Q( u ) is semisimple, and, 

b) Wr,Jfl) is a free ^-module of rank r"(2n - 1)!!, 
for all n > 0. 

Recall from Remark 12 . 1 II that W\{y) = u> a y~ a , where y is an indeterminate. 

Q>0 

Lemma 3.8. Suppose that u £ R r . Then is u-admissible if and only if 



Wi(v) + v-l = (v-h-i) r )i[ 



2 2 ' 'f^y-ui 

Proof. By definition, u-admissibility is equivalent to the identity 

Wi(y) = \ + £ (go+i(u) - \(-iy qa (u)) y - a . 

a>0 

Now expand this equation using the definition of the Schur g-functions. □ 

Corollary 3.9. Suppose that is u-admissible. Then Q is admissible. 

Proof. First suppose that x = (acj, . . . ,x r ) are algebraically independent and let 
il = {oj a | a > 0}, where ui a = g +i(x) - \{-l) r q a {y.) + ±6 a0 , for a > 0. Then ft 
is x-admissible by definition and hence admissible by Corollary 12.41 and Proposi- 
tion I^^J Therefore, by the definition of admissibility we have the following poly- 
nomial identity in x\ , . . . , x r 

^ 2a+l 

U2a+1 = X { - U2a + ^ (~ 1 ) & ~ 1 w 6- 1 ^2a+l-fc } • 
6=1 

The general case now follows by specializing Xi = m, for 1 < i < r. 
For a second proof, note that if O is u-admissible then 

(Wi( V ) (Wti-y) -y-l)=(l-y)(l+y), 

by Lemma \3. 81 Hence, fl is admissible by Remark 12.111 □ 

Definition 3.10. The parameter set ft is rational if there exists a k > and 
Oi, . . . , aifc £ R such that ft satisfies the linear recursion 

u t+ k + ai^i+k-i H h a k u l = 0, 

for all i > 0. 

Equivalently, ft is rational if ft is admissible and is a rational function. 

See Lemma 17. 181 for another characterization of rationality. 

Rationality allows us to give a partial converse to Corollary 13.91 

Proposition 3.11. Suppose that R is an algebraically closed field and that ft is 
rational. Then every finite dimensional irreducible -module can be consid- 

ered as an irreducible module for some cyclotomic Nazarov-Wenzl algebra W r ^ n {u) 
with ft being u-admissible. 

In particular, if ft is rational then ft is u-admissible for some u. 
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Proof. As fi is rational, W\(y) is a rational function and we may write 

y + h n 3 -(w 

for some non-negative integers Hi and rrij and with the cti,(3j £ R being pairwise 
distinct. Using Remark 12.111 it follows easily that 

*.M+»-i-<*+5>nj£f. 

i=l y * 

for some Ci € R and some s > 0. 

Now suppose that M is a finite dimensional irreducible #„ afi (f2)-module and let 
(Xi — Ai) • • • (Xl — \d) be the characteristic polynomial for the action of X% on M. 
Set 

_| (ci, . . . ,c s , Ai, . . . , A d , -A x , . . . , -A d ), if s is odd, 
|(ci, . . . ,c s , Ai, . . . , Ad, -Ai, . . . , -Ad,0), if s is even. 

Put r — s + 2d if s is odd and r = s + 2c? + 1 if s is even. Then M is an irreducible 
W r<n (u)-module and f2 is u-admissible. □ 

We will improve on this result by showing that we can construct all of the 
irreducible modules for the affine Wenzl algebras in Theorem 17. 191 below. 

4. The seminormal representations of #^ n (u) 

In this section, we will give an explicit description of the irreducible represen- 
tations of W ryn (u) in the special case when R is an field of characteristic greater 
than 2n and when the parameters u satisfy some rather technical assumptions; see 
Theorem l4~T31 

The semisimple irreducible representations of the Brauer algebra SS n {u>) are la- 
belled by partitions of n — 2to, where < to < [f J , and a basis of the representation 
indexed by the partition A is indexed by the set of updown A-tableaux. Analogously, 
we might expect that the semisimple irreducible representations of #^„(u) should 
be indexed by the multipartitions of n — 2m, with the bases of these modules being 
indexed by the updown A-tableaux, where A is a multipartition. We will see that 
this is the case. We begin by defining these combinatorial objects. 

Recall that a partition of m is a sequence of weakly decreasing non-negative 
integers r = (ti,T2, . . . ) such that |r| := ri + r% + • • • = to. Similarly, an r— 
multipartition of m, or more simply a multipartition, is an ordered r-tuple A = 
(A«,...,AW) of partitions A< s \ with |A| := |A (1 )| + •■■ + \X (r) \ = m. If A is a 
multipartition of to then we write A h to. 

If A and y, are two multipartitions we say that fi is obtained from A by adding 
a box if there exists a pair (i,s) such that /it- = A- 5 -* + 1 and fij — Xj for 
CM) 7^ (h s )- I n this situation we will also say that A is obtained from [i by 
removing a box and we write A C /i and fi \ X = (i, x[ s \ s). We will also say that 
the triple (i, x\ s \ s) is an addable node of A and a removable node of /i. Note that 
H = |A| + 1. 

Fix an integer m with < m < [^J and let A be a multipartition of n — 2m. 
An n-updown A-tableau, or more simply an updown A-tableau, is a sequence u = 
(ui, U-2, . . • , u n ) of multipartitions where u„ = A and the multipartition Ui is obtained 
from Ui-i by either adding or removing a box, for i = 1, . . . , n, where we set Uo 
equal to the empty multipartition 0. Let £?™ d (X) be the set of updown A-tableaux 
of n. Note that A is a multipartition of n — 2m and each element of 3~^ d {X) is an 
n-tuple of multipartitions, so the n is necessary in this notation. 
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In the special case when A is a multipartition of n (so m = 0), there is a natural 
bijection between the set of n-updown A-tableaux and the set of standard A— 
tableaux in the sense of [D JM99] . This is the origin of the terminology of updown 
A-tableaux. If A is a multipartition of n we set ,'7 std (X) = ,5^" d (A) and refer to the 
elements of ^ rstd (X) as standard A-tableaux. 

Definition 4.1. Suppose 1 < k < n. Define an equivalence relation ~ on S^ d {X) 

k rt 

by declaring that u ~ t if Uj — lj whenever 1 < j < n and j ^ k, for t,u£ ^ (A). 

The following result is an immediate consequence of Definition 14.11 

Lemma 4.2. Suppose I G 3^ d (X) with tk-i = tk+i- Then there is a bijection 
between the set of all addable and removable nodes of tk-i and the set ofu £ S^^ d (X) 

k 

with u ~ t. 

Let A be a multipartition and suppose that u is an n-updown A-tableaux. For 
k = 2, . . . ,n the mutipartitions and Ufc_i differ by exactly one box; so either 
Ufc C Ufc_i or Ufc_i C life. We define the content of k in u to be the scalar c u (fc) G R 
given by 



More generally, if a = (i,j, s) is an addable node of A we define c(a) = u s + j — i 
and if a is a removable node of A we set c(a) — —(u s + j — i). 

The key property of contents that we need to construct the seminormal rep- 
resentations is the following. Note that we are not (yet) assuming that R is a 



Definition 4.3. The parameters u = (tti, . . . , u r ) are generic for #^, n (u) if when- 
ever there exists d G Z such that either Uj ± Uj = d ■ 1r and i ^ j, or 2ui = d ■ Ir 
then \d\ > In. 

For example, u is generic for W r ^ n (\i) if iti, . . . , u r are algebraically independent 
over a subfield of R. 

Lemma 4.4. Suppose that the parameters u are generic for W r ^ n (u) and that 
chari? > 2n. Let X be a multipartition of n — 2m, where < m < \, o/nd 
suppose that t,u G ^ d (X). Then 

a) t = u if and only if c t (k) = c u (k), for k = 1, . . . , n; 

b) if I < k < n then Ct(fc) — ct(k + 1) =/= 0; and, 

c ) if tfe-i = tfe+l then c t (k) ± c u (k) ^ 0, whenever u ~ t and u^t. 

d) 2c t (k) ± 1 ^ 0, for 1 < k < n. 

Proof. Part (a) follows by induction on n. The key point is that our assumptions 
imply that the contents of the addable and removable nodes in A are distinct so a A- 
tableau t is uniquely determined by the sequence of contents Cj(fc), for k — 1, . . . , n. 
The same argument proves parts (b), (c) and (d). □ 

Until further notice we fix an integer m with < m < |_§J and we fix a multi- 
partition A of n — 2m. 

Motivated by [Naz96], we introduce the following rational functions in an inde- 
terminate y. These functions will play a key role in the construction of seminormal 
representations of #^„(u). 

Definition 4.5. Suppose that t G 3^ d {\). For 1 < k < n, define rational functions 




j-i + u s , if Ufe\Ufc_i = (i, j,s), 
i-j-u s , if Ufe_i\Ufe = (i, j,s). 



field. 



W k {y,t) by 
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where a runs over the addable and removable nodes of the multipartition tfc_i. 

The rational functions Wk(y,t) are related to the combinatorics above by the 
following result. If f(y) is a rational function and a G R then we write Res y=Q; f(y) 
for the residue of f(y) at y = a. 

Lemma 4.6. Suppose that u is generic and chari? > 2n. Let I G ^j" d (A) and 
1 < k < n. Then 



]W) = w Res «\. i t 

y *-?\v=c{a) y J y-c(a) 



where a runs over the addable and removable nodes o/tfc_x- 
Proof. As the c(a) are pairwise distinct, we can certainly write 

^yA = a+ b - + y:( Res mMAyi 

y y „ H=t(«) y > y-c[a) 

for some a,b £ R, where a runs over the addable and removable nodes of tk-i- 
Now, a = Wk (y^ \ y=oa = 0. Let c be the number of addable and removable nodes of 
Since a partition always has an odd number of addable and removable nodes, 
we have that (— l) c = (— l) r . Therefore, 

& =Res^M = i(i-(-ir ( -ir)=o, 

as we needed to show. □ 

We are now ready to define the matrices which make up the seminormal form. 

Definition 4.7. Let A be a multipartition and k an integer with 1 < k < n. 
Suppose that t and u are updown A-tableaux in ^ d {\) such that t^— i = ife+i- 
Then wc define the scalars e tu (fc) E R by 

W k (y,i) 
Res , if t = u. 

v=ct(k) y 

et "( fc ) = { y/^JJt) ffl, if t + u and u ~ t, 
0, otherwise. 



(In (|4.12|l below we will fix the choice of square roots y/eu(k), for t G ^ d {\) and 
1 < k < n.) 

Note that when c t (fc) ^ then e lt (k) = Res — fc (^' )_+_V 5 ^ 

v=c t (k) y 

We remark that if tk-i ^ t^+i then the definition of ett(fc) still makes sense, 
however, we do not define eu(k) in this case as we will not need it (see Theorem l4.13l 
below). 

It follows from Definition 14. 51 that 

c t (fc) + c(a) 
Ct(fc) — c(a) 



(4.8) e tt (k) = (2ct(fc) - (-1)0 J] 



where a runs over all addable and removable nodes of tk-i with c(a) ^ ct(fc). Note 
that Lemma 14.41 now implies that: 

If u ~ t then e tu (fc) ^ 0, for 1 < k < n. 
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This will be used many times below without mention. Also observe that Lemma l4.6l 
can be restated as 

( 4 g s W k (y,t) = e uu (fc) 

y ~^y-cu(k)' 

u~t 

Given two partitions t and u write t u = a if either u C t and t \ u = a, or 
t C u and u \ t = a. 

Definition 4.10. Let t 6 ,%^ d (X) and suppose that ik-i ^ lk+it f° r some k with 
1 < k < n. 

a) We define 

f 



at(fc) ^ c t (fc + l)-c t (fc) ^ M*) = >A-«i(*) 9 - 

(We fix the choice of square root for bi(k) in (|4.12(1 below. Note that Ct(k + 
1) - c t (fc) ^ by Lemma IQTb).) 
6) If tfe tfe_i and tfc+i © tfc are in different rows and in different columns then 
we define Sfct to be the updown A-tableau 

Ski = (ti, • • • , tfc_i, Ufc, ife+i, • • • , t„) 

where Ufc is the multipartition which is uniquely determined by the conditions 
Ufc tfc+i = t fc _i l k and t fc _i 9 Ufc = tfe tfc+i- If the nodes t fc t fc _i and 
tfc+i tfc are both in the same row, or both in the same column, then Skt is 
not defined. 

We remark that if tk-i = tfc+i then the definitions of at(k) and bt(k) both make 
sense, however, we do not define them in this case as we will never need them (see 
Theorem 14.131 below). Moreover, the condition lk-i ^ tfc+i is crucial in proving 
Lemma [4.1 If b) below. (In fact, if we drop this condition then Lemma f4.11f b'l is 
not correct.) 

We leave the following Lemma as an exercise to help the reader familiarize them- 
selves with the definitions. 

Lemma 4.11. Suppose that t e ,%^ d (X) and 1 < k < n. Then: 

a) If Skt is defined thenct(k) — cs k t(k+l) and Ct(fe+1) = cs k i{k); consequently, 
a>S k i{k) = -a t (fc). 

b) If Skt is not defined then at(k) = ±1 and b t (k) = 0. 

fc 

Finally, if tfc_i = tfc+i and u ~ t, where 1 < k < n, we set 

v _ e tu (fc) - S lu 
Stu[ft) - c t (fc)+c u (fc)- 

Note that c t (k) + c u (k) ^ by Lemma 

We will assume that we have chosen the square roots in the definitions of b t (k) 
and et u (fc) so that the following equalities hold. 

Assumption 4.12 (Root conditions). We assume that the ring R is large enough 
so that yje tt (k) 6 R and b t (k) = yj\ - a t (k) 2 £ R, for all t, u e ^ ud (A) and 
1 < k < n, and that the following equalities hold: 

a) If tfc_x tfc+i and Skt is defined then bs k t(k) = b t (k). 

b) //tfc_i 7^ tfc + i and t ~ u, where \k — l\ > I, then b t (k) = b u (k). 

c) J/tfe_i ^ tfc+i, tfc ^ tfc +2 and S k t and S k +it are both defined then b Sk+1 t(k) = 
bs k t(k + l). 

d) //ifc_i = tfc+i and t k = t k +2 then v /e tt (fc) v /e tt (fc + 1) = 1. 



e) Ifik-x = tfc+i, Ufc_i = Ufc+i and e tt (fc) = e uu (fc) then v /e tt (fc) = v /e uu (fc). 



CYCLOTOMIC NAZAROV-WENZL ALGEBRAS 



21 



fe+1 k 

f) If tk-i = tfc+i} tfe = tfe+2 and u ~ t, to ~ t with S k u and Sk+itv both 
defined and S k u = Sk+ito then b u (k)y/e uu (k + 1) = b w (k + l)y/e mm (k). 

In Lemma [5.41 below we show that if R = K then it is possible to choose u so 
that the Root Condition is satisfied. 

Assuming <|4.12[l we can now give the formulas for the scminormal representations 

Of W rt n(u). 

Theorem 4.13. Suppose that R is a field such that chari? > 2n and that the root 
conditions hold in R. Assume that u is generic for W r ^ n {\i). Let A(A) be 

the R-vector space with basis {vt | t S ^ ud (A) }. Then A(A) becomes a W r . n {x\)- 
module via 



SkVi = 



^s tu (fc)w u , ifik-i =tfe+i, 



E k v t = 



_a l (k)v l + b l (k)v Sk t, if tk-i ^ tk+i, 
^e tu (fc)u u , jftfe_i=tfe+i 

,0, i/tfe_i^tfe + i, 
• XjV t = c t (j)v t , 

for 1 < k < n and 1 < j < n and where we set vs k t = if Ski is not defined. 
Definition 4.14. We call A(A) a seminormal representation of #^„(u). 

We note that the action of the operators E k and S k on A (A), with respect to 
the basis { Vt | t G 5^ lid (A) }, are given by symmetric matrices, for < k < n. 

For the remainder of this section we assume that R is an algebraically closed field 
with chari? > 2n and that the parameters u are generic for #^„(u) and satisfy 
(|4.12|) . The proof of Theorem l4.13l will occupy the rest of this section. Our strategy 
is to use the rational functions Wk(t, k) to verify that the action that we have just 
defined of W r ^ n {yL) on A(A) respects all of the relations in W r>n (u). 

Throughout this section it will be convenient to work with formal (infinite) linear 
combinations of elements of A(A) and #^„(u); alternatively, the reader may prefer 
to think that we have extended our coefficient ring from R to where y is 

an indeterminate over R. In fact, at times we will need to work with formal series 
involving more than one indeterminate. 

If A is an algebra we let Z(A) be its center. 

Lemma 4.15. Suppose k > and that a > 0. Then there exist elements in 
Z(W rik - 1 (u)) n R[X U . . .,X fe _i] such that 

E k X^E k — uj£ Ek, 

and the degree of lo^\ as a polynomial in X%, . . . , X^—x, is less than or equal to a. 
Moreover, the generating series Wk{y) = J2 a >o LU i a ' > y^ a satisfies 

w ™<») = -y + ~ 2 + {y -x k y-i(y + x k ^ Wk{y) + y -J- 

Proof. Observe that ^2 a>0 E k X k l E k y~ a = E k y J' Xk E k , so to prove the Lemma it is 
enough to argue by induction on k to show that E k y _^ Xk E k = ^W k (y)E k , where 
W k (y) and its coefficients are as above. 
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If k = 1 then there is nothing to prove. Assume that k > 1. Starting with the 
identity 

Sk 77- = 77 Sk H ——E k 



V - X k y- X k+ i y + X k y - X k (y- X k )(y - X k+1 ) 
Nazarov [Naz96, Prop. 4.2] proves that E k+1 y _x k+1 E k +i — ^W k+ i(y)E k+1 , where 

Wfe+i (y) satisfies the recurrence relation above. Nazarov assumes that he is working 
over the complex field (so, R = C), however, his arguments are valid over an 
arbitrary ring. Nazarov also proves that if R = C then the coefficients of W k (y) 
are central in #^/-_i(u). We modify Nazarov's arguments to establish centrality 
for fields of positive characteristic. 

By induction we may assume that the coefficients of W k (y) commute with 
Ei, ... , -E/c-2 and Si, ... , S k -2, so it is enough to show that the coefficients of 
W k +\(y) commute with E k _\ and S k -\. Since k>2 we can write 

W k+1 {y)+y-\ = X = {y + X k f -1 (y- X k f (y + X k ^f — I (y — X k ^f 
W k -i{y) + y-\ y' {y-X k Y-l{ v + X k f{ v -X k ^Y-l{y + X k ^Y 

As Ek-i and S k -i commute with 5^fc_2(u) it is enough to show that E k _iy = 
§E k -i and S k -i§ = §S k -L Now, E k ^§ = §E k -i if and only if yE k -iX = 
XE k ^iy, and this follows easily using relation l2.1lT l. 
To prove that S k -i commutes with ^ let 



y 

(I + A fc _ 1 z)(f +X k z) 

{i-Xk-iz){i-x kZ y 



m>0 

where z = —y^ 1 or z = (y ± 1) . Then ao = 1, a± = 2(Afc_i + X k ), a 2 — 
2(A fe _! + X k f and 

a m = {Xk-i + A fe )a m _i - A/ £ _iA fe a m _ 2 , for m > 3. 

Consequently, if m > 1 then a m = (X k -i + X k )f m (Xk-i,X k ), for some f m £ 
R[X k _i, Xk]- Now, relation l2.1f e) implies that S k -i and X k -i + X k commute. 
Therefore, by induction, 

S k -ia m = (Afc_i + X k )S k -ia m -\ — {X k -iX k S k -\ + E k -\X k — X k E k ^i)a m ^ 2 

= (X k -\ + X k )a rn -iS k -i — X k -iX k a m -2S k -i 

= a m S k —i 

as required. 

Finally, it follows from the recurrence relation that u) k 6 R[Xx, . . . , X k ^{\ and 
that aA has total degree at most a as a polynomial in X%, . . . , X k -\. □ 

Remark 4.16. To prove that the 0J k G Z(W r , k -i(u)) Nazarov uses the identity 

-i,y- 2a - 1 \ (y + x k ^)( y + x k ) 



exp E 2 K"i+^ +1 



2a + lJ {y - X k ^){y - X k y 
However, this formula is only valid in characteristic zero. 
By Lemma 14.151 we have 



W k {y)+y-\ = {w 1 {y)+y-^) \{ 



1 '(y + Xrf-l (y-Xt 



As the right hand side acts on each vt as multiplication by a scalar we can define 
W k (y,t) 6 i?((y" 1 )) by W k (y)v t = W k (y,t)v t . 
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The next Proposition gives a representation theoretic interpretation of the ra- 
tional functions W k (y, t) which were introduced in Definition 14.51 

Proposition 4.17. Suppose that t € Sf™ d {X) and that 1 < k < n. Then 

W k (y,t) = W k (y,t). 

Proof. As ft is u-admissible, by Lemma 13.81 we have 

wo-.t) + ,-i-(» + i(-ir')n^- 

Consequently, we can rewrite the definition of Wk(y,t) as 

1 , 1 r ^ rr (» + «*) TTd' + Ctf*)) 2 -! (2/-c t «) 2 



%t )+ ,- = (!/ - HD.nsn 



If ct(i) — — c t (j), for some 1 < i,j '< < k — 1 with i ^ j, then 

(2/ + Ct W) 2 -l (y-c t «) 2 (2/ + c t (j)) 2 -l (y-c t (j)) 2 



(y-c t (i)) 2 -l (?/ + c t (z)) 2 (y - c t (j)) 2 - 1 (y + c t (j))< 



= 1. 



Hence, in computing W k (y, t) we can assume that t = (tj., . . . , t m , . . . , tfc_i, . . . , t„) 
where m = |tfe-i|, t m = tfc_i and ct(i) + c t (i + 1) = for m < i < k — 1 with 
i — m odd (so tj+i is obtained by adding a box to t,-, for 1 < i < m, and t; = t^-i 
for m < i < k — 1 with i — m even). Let t^— i = (pP', P^ , ■ ■ ■ ,/i' r '). Fix t with 
1 < t < r and, abusing notation, write (3 £ (x^ to indicate that j3 — (fc, j, t) is a 

node in row k of Let pi = (k,l,t), pi = (k,/i k ,t), p% = + l,t) and 

p 4 = (fc+ 1, Then 

j-j (y + c'C/?)) 2 -! (y-c'(/3)) 2 



(2/ - c'(/3)) 2 - 1 (y + C(/3)) 2 

y-c'(/3) V-d{fl y+(c'(/3) + l)y+(c'(/5)-l) 



n + W)-l) y + c'(/3) y + c'(/3) 

y - c'(pi) y - c'(p 2 ) 2/ + c'(p 3 ) y + c'(p 4 ) 



y - 




y 


- c'fp 4 ) 


y + c 


h 


y + 




y - 


4pi) 


y 




y + c' 




y + 


c'{Pi) 


y + 


■C(pi) 


y 


+ c'(p 2 ) 


y - c 


(P3) 


y- 


c'(pa) 



where for (3 — (a, b, t) we write c'(/3) = b — a + u t . Taking the product over all k 
shows that 

(y + u t ) n (y + c(/3)) 2 -l (y-c(/?)) 2 = yr y + c(a) 
{y-u t ) }\ (y-c{[3W-l (y + c(/3)) 2 H y - c(a) ' 

where, in the first product, every node is considered to be an addable node and, in 
the second product, a runs over the addable and removable nodes of fjMh Hence, 



W k (y,t) + y- l = ( y -h-iy)l[ 



U + c{a) 



2 va 2 V ' > llj-cfa)' 

where a runs over the addable and removable nodes of tfc_i = (z^ 1 -*, . . . , M^')- ^ 

Corollary 4.18. Suppose that i G ^ d (X) and that 1 < k < n and a > 0. Then 
E k X a k E k v, = uJ k a) E k v t . 
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Proof. If tfc_i ytz t k+1 then E^X^E^v^ = = u^'EkVi, so we may assume that 



tfe-i = tfe+i- Now, by definition, e tu (fc) = ^/e tt (fc)- v /e uu (fc). So 



ro~t u~t 
= Wfc(y,t)£;fc«t = W k (y,t)E k v u 

by Proposition EH] By Lemma |4~T51 w[ a) G . . . , X fe _i], so wjfV = wj^u 

whenever t ~ u. Therefore, 

E k — ^-rrE k v t = y^e iu (k)W k (y,t)v u = V e iu (k)W k (y, u)v u 

U~t U~t 

= W / fc (?/)^et u (fc)u u = Wfe(y)-BfcUf 

u~t 

Comparing the coefficient of y~ a , for a > 0, on both sides of the last equation 
proves the Corollary. □ 

Lemma 4.19. Suppose that t G 5^" d (A) tjfc x = tfc+i fl7lc ^ tfc = tfe+2- ITien 

e u (fc)e lt (fc + l) = 1. 

Proof. The recursion formula of Lemma 14 . 1 51 and Proposition 14. 1 7l show that 

„ r , ,, 1 / . x 1, (y-c t (fc)) 2 (?/ + c t (fc)) 2 - 1 

t} + y - 2 = ^ *> + " - 2) g + c t ( fc )) 2 fa - c t ( fc )) 2 - 1 ' 

and, by definition, 

WM) + v-i = (v-i(-ir)n^|- 

u~t 

Thus, 

Wfc+i(y,t) + y-^ / _ 1 , \ y-c t (fc)fa + e t (fc)) 2 -l 
v \ 2v { ' ) v + c t (k) (v-cAk)) 2 -1 

n 



2y V 7 Jy + ctik) (y-cdW-l 

y + c u (fc) 



2/ - Cu(fc) 

Taking residues at y = — Ct(fc) = Ct(fc + 1) on both sides of this equation, we have 

tu i iy- 2c t (fc) + (-ir ^ c t (fc) - c u (fc) 
" l j 4c t (fc) 2 -l 11 Cl (fc)+c u (fc) 



;t (fc)-(-i)r n 



Ct(fc) - Cu(fc) _ 1 



2c t (fc)-(-l) r h LL c t (k) + c u (k) e t t(fe) 

where the last equality uses 1)4. 8|l . □ 

We remark that the condition tfc = tfe+2 is needed in Lemma f4. 191 only because 
ett(fc + 1) is not defined without this assumption. 
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Lemma 4.20. Fix an integer k with 1 < k < n — 1 and suppose that t, u, to S 
J^ d (X) are updown X-tableaux such that tfc_i = tfc+i, tfc = tk+2, U ~ 1 t, ro ~ t and 
i/iai SfcU and S/c+ifo are ooi/i defined with SkU = Sk+itv. Then b u (k) 2 e uu (fc + 1) = 
bm( fe + l) 2 e roro (fc). 

Proof. Let cr = tfe tfe_i and r = u^+i tfe. SkU — Sk+itv implies r = rofc tfc-i. 
Then, by Kfy . 



,(fc) = (2c(r)-(-ir)n 



c(r) + c(a) 
c(r) — c(a) ' 



where a runs over the addable and removable nodes of tk-i = VOk-i with c(a) ^ 
c(r) and, similarly, 

e U n(k + l) = (2c(r)-(-ir)Y[ C ^\ + f\ , 

- LX c(r) — c(a) 

where a runs over all addable and removable nodes of tfc = u/c with c(a) ^ c(t). 
We have e mm (k) = Res y=c(r) g^M±»zi and e uu (fc+l) = Res„ =c(r) fft+l( »; t) ^" i . 
Further, by Lemma 14. 1 51 and Proposition 14.171 we have 

W k +i{y,t) + y- - = (W k {y,t) + y- -)- 



2' (y-c{a)Y-l{y + c{a)f 
It follows that 

e U u(fc + l) = (c(a)+c(r)) 2 -l (c(r)-c(a)) 2 = b m (k + l) 2 
e roro (fc) (c(a)+ C (r)) 2 (c(r) - c(a)) 2 - 1 6 u (fc) 2 ' 

where the last equality follows from the definitions because (c u (fc), c u (k + 1), c u (k + 
2)) = (c(a),c(T),-c(T)) and {c m (k),c m (k + l),c m (k + 2)) = (c(t), -c(t),c(o-)). □ 

The following combinatorial identities will be used in the proof of Theorem 14. 131 

Proposition 4.21. Suppose that t, u' <E ^" d (A) with tk-i = tk+l> tfc tfc+2. u' ~ t 
and u' ^ t, where 1 < k < n — 1. Let t G ,5^" d (A) 6e i/ie updown tableau which 

~ k 

is uniquely determined by the conditions t ~ t and t& = ik+2 ■ Then the following 
identities hold: 



Ci(fc)+c u (fe) 2c t (fc)' 



U~t 



(fc) / 1 x 1 1 



h\ e uu(K) _ ( 

' ( r .(h\ A- r.JkW ~ \ 



u~t 



(ct(fe) + c u (fc)) 2 V 4c t (fc) 2 y eu (fc) 2c t (fc) 
e uu (fc) 1 



V2 



(c t (fc) + c u (fc))(c u (fc) + c u /(fc)) 2c t (fc)cu/(fe) ' 



Proof. It follows from 14.9J1 and Definition 14. 71 that 

W k (y,t) = y^ e uu (fc) 

7/ -^-^ 



y - cu(fc) ' 



Evaluating both sides at y = — Ct(fc) and using i|4.5|) gives (a). 
By Proposition 14 . 1 71 and Corollary 14. 181 we have 

{y-X k )(v-Xk) v-y\ y v 



2<i 
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Comparing the coefficients of vt on both sides of this equation we obtain 
e uu (fc) 1 ( W k (y,t) _ W k (v,t) \ 

(y - c u (k))(v - Cu(fc)) v — y\ y v J ' 

u~t 

Setting y = —c t (k) we obtain 
t (c t (k) + c u (k))(v - c u (k)) ; 




+ Cu(fc) 

u- cJk) ' 2c t (k)v 

U~t 

Setting v — — <v(fc) gives (c). Now we set v — —ct(k). Then it gives 
euu(fc) _ 2ct(fc) + (-1)'' j-r ct(fc) - c u (fc) , 1 



E 



c t (A;) + c u (fc)) 2 4c t (fc) 2 11 c t (fc)+c u (fc) 2c t (fc) 2 



U~t U~t 



On the other hand, multiplying the reciprocal of (|4.8|l by (l — 4e ^ fc - )2 ) gives 

1 \ 1 2ct(fc) + (-l) r -pr C t (fc)- Cu (fc) 

4c t (fc) 2 Je tt (fc) 4c t (fc) 2 A 1 ct(fc)+cu(*)" 

u~i,u^t 

Combining these two equations gives (b). □ 

We are now ready to start checking that the action of W r ^ n (\x) on A(A) respects 
the relations of W rtTl {x\). We break the proof into several lemmas and propositions. 

Lemma 4.22. Suppose t e 5^" d (A). Then 

a) Efvi = uJoEiVi, for 1 < i < n. 

b) ExX^ExVt = Lo a E lVt , for a > 0. 

c) {X 1 - ui)(Xi - u 2 ) • • • {X x - u r )v t = 0. 

d) XiXjVi = XjXiVt for 1 < i, j • < n. 

e) Ei(Xi + X i+1 )v t = {X t + X i+1 )EiV t = 0, 1 < i < n - 1. 

/) (SiXi - X i+ iS l )v i = [Ei - l)v t = (XiSi - SiX i+1 )vi, for 1 < i < n - 1 

g) E k Eiv t = EiE k v t if\k-l\>l. 

h) E k X t v t = X;^V t ifl^k,k + l. 

i) S k Xiv t — XiS k v t if I ^ fc, + 1. 

Proof. As wo = wf^ and w a = wj"" 1 by Lemma T4. 151 parts (a) and (b) have already 
been proved in Corollary 14.181 Parts (c)-(f) follow directly from the definitions 
of the actions. If \k — l\ > 1 then 14.12|l (e) shows that (g) holds. Assume now 

k 

that I ^ k, k + 1. If tfc_i ^ tfc+i then cs k t(l) = c t (7). If u ~ t then c u (l) = Ct(l). 
Combining the last two statements forces (h) and (i) to be true. □ 

Lemma 4.23. Suppose t £ £?? d (\). Then E k E k±1 E k v t = E k v t . 

Proof. We only prove that E k E k+ iE k v t = E k v tl since the argument for the case 
E k E k -\E k Vi — E k v t is almost identical. 

We may assume tfc-i = tfe+i since, otherwise, E k E k+ iE k v t = = E k V{. Let t 

~ k 

be the unique n-updown tableau such that t ~ t and i k — i k +2 ■ We have 

E k E k +iE k Vt = e t i(k)e- t i(k + 1) e~ tu (k)v u = e#(k)e%(k + 1) VJe tll (fe)u u . 

k~ k. 
u~t u~t 

Hence, E k E k+ iE k Vi = E k v t by Lemma 14.191 □ 
It remains to check relations (a), (b)(i), (b)(ii), (d)(i) and (g) from Definition ^. II 
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Lemma 4.24. Suppose that t e ^ d (A). Then Sf.v t = v t . 
Proof. Case 1. t k -i ^ t k+1 : 

If Ski is not defined then at{k) € { — 1, 1} and &t(/c) = 0, which implies S^Vt = v l . 
If Ski £ ^" d (A) then by the choice of the square roots in l|4.12[l (a) we have 



Slvt = ^at(fc) 2 + bt(k)bs k t(k))vt + (a t (k) + a Skl {k)jb l (k)vs k t = v t . 
Case 2. t k -i = tk+i- 

We have S%Vi — J2 u k t (S D fc t s tv(k)s ou (k)^v u . So, the coefficient of v t in Sft) s is 

ett(fc)e uu (fc) e tt (fc) _ 1 
(c t (fc)+c u (fc)) 2 2c t (fe) 2 4ct(fc) 2 



V s< (k)s ( (k) - V e »( fc ) e uu(fc) _ ett(fc) 1 _ , 



where the last equality follows by rearranging Proposition 14.211 b). If u ~ t and 
u^t then the coefficient of v u in S^Vt is 

$> B (fc) Sou (fc)= 2 ^( fc ) e -(fc) 



^ (Ct(fc) +C B (fc))( Co (fc) +Cu(fc)) 

(ett(fc) - l)etu(fc) (e U u(fc) - l)e tu (A;) 



+ 



2c t (fc)(c t (fc) + c u (fc)) 2c u (fc)(c t (fc) + c u (fc)) 



& ffc^V 6pp(fc) 1 A 

iu[ ( Cl (k) + c (k))(c B (k) + c u (k)) 2c t (k)c u (k)J 



t>~t 

= 

by Proposition I4.21f c). Therefore, S^vt = Vt. □ 

The next two Propositions prove that the action of W r>n (u) on A (A) respects the 
tangle relations 12. If el. 

Proposition 4.25. For any t <E .3^ d (\), E k S k v t = E k v t = S k E k v t . 

Proof. Suppose that t k -i ^ t k +i- Then either S k t is not defined, or (S k t)k-i ^ 
(Skt)k+i- In either case, we have EkSkVt — EkVt — SkEkVt — 0. Suppose tk-i = 
tfc+i. Then 

SkE k v t = y^etu(fc)5fct) u = X! y^ s uu'(fc)e t u(fc)« u '. 

u~t u ~u u~t 

By Proposition ^. 21f a), we have 

En \ ft,\ e tu (fc)e UU '(/s) . . e u < u / (fc) — 1 

^(*)»-'( fc )= L c u (fc)+c u ,(fe) +etu ' (fc) 2c(Jfe) 

u~t u~t,u^u' 

e uu (fc) 1 



t u<(fc)(£ 



c u (fc)+c U '( fc ) 2c u /(fc) 
= e tU '(fc). 

Hence, S k E k Vi = E k v t . One can prove that E k S k Vt = E k v t similarly. □ 

Proposition 4.26. Suppose that t £ ^ ttd (A). T/ien 

a) S k E k+1 E k Vi = S k+ iE k v t . 

b) E k+ iE k S k+ \Vt = E k+ iS k Vi. 
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Proof, (a) We may assume that tfc_i = t k +i since otherwise SkEk+iEkVi = 

~ a ~ k 

St+iEkVi = 0. Let t £ 3^ (A) be the unique updown tableau such that t <~ t 
and tfc = tfc+2- We have 



S k E k+1 E k v t = e t{ (fc)en(fc + 1) f s^fe)^ + ^ s iu( k ) v nj 

k- ,~ 

+ e tt( fc ) e tu( fc + 1 )( a u(fc)Wu+fou(fc)ws fc u)- 

Observe that if SkU is defined, for u in the second sum, then (Sku')k ^ U+2 and 
ro = Sk+iSkU is also defined. Further, we have tn ~ t and ro ^ t. Similarly, 

Sk+iE k vt = e t j(fc) (s^k + l)vi + ^ s tu( k + 1 ) v nj 

k + l~ ,2 
U ~ t,U^t 

+ ^ e tu(fc)(a u (fc + l)«u + &u(fc + l)«S fc+1 u)- 
u~t,u^t 

We now compare the coefficients of u u in SkEk+iEkVt and Sk+iE^vt- First, observe 
that en(k)en(k + 1 ) = f by Lemma ICTH 

Case 1. u = t: 

Since c\{k) = — cj(fc + 1), the definitions and the remarks above show that the 
coefficient of v u in SkEk+iEkVt is equal to 

e tI (fc)e n (fc + l)s Tt (k) = e tI (fc) — gfc^ = e,j(fc)*ll(* + 1), 
which is the coefficient of w u in Sk+iEkV t . 
Case 2. u ~ t and t: 

Now, c~ t (k) — c u (fc+2) and c u (fc+f ) = — c u (fc), so the coefficient of v u in SkEk+iEkVt 
is 

e t t(fc)e Ft (fc + f )st u (fc) = c ^ fc ^^ = e tu (fc)a u (fc + f ), 
which is the coefficient of v u in Sk+iEkV t . 
Case 3. u k-i 1 t and u ^ t: 

Since c u (fc) = — q(fc + f ), the coefficient of v u in SkEk+iEkVi is 

■»(*)«*(* + De s #) = ^±^1) = ea(k)s iu (k + 1), 

which is the coefficient of v u in Sk+iE^Vi. 

Now suppose that S^u is defined and let tr = Sfc+iSfcU be as above. Then the 
coefficient of vs kU in SkEk+iEkVt is 



; t j(fc)et u (fc + f)6 u (fc) = v / ett(fc)v / euu(fc + f)6 u (fc) 



= V /e tt(fc)v /e roro( fc ) & ro + 1) 
= etm(k)b m (k + f), 

where the second equality comes from l|4.f 2[) ff). As S^u = Sfc+iro this is the 
coefficient of «s fcU m Sk+iEkV t . This completes the proof of (a). 

(b) We let the reader work out the expansions of Ek+\EkSk+\Vi and Ek+iSkVt. To 
show that these two expressions are equal there are four cases to consider. 
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Case 1. t fc = U + 2 and t fc _i = t fc+ i: 
We have 

E k+1 E k S k +iv t = E k+1 e tt (k)s tt (k + l)v t = E k+1 Vi 

2c t (k + 1) 

= s lt (k)E k+1 v t = E k+ iS k v t . 
Case 2. t fe ^ t fc+2 and t fc _i = t k+1 : 

Define t G ^ (A) to be the unique updown tableau such that t ~ t and tfc = tfc+2 . 
Then t ^ t and 

E k+1 E k S k+ iv t = a t (k + l)e t i(k)E k+1 vi = s a (k)E k+1 vi = E k+1 S k v s , 

where the second equality uses the facts that c t (k + 1) = — c t (fc), c t (fc + 2) = cj(fc) 
and (Sfe+ii)fe_i ^ (S k +xi)k+i- 



Case 3. t fe = tfc +2 and tfe_i ^ tfe+i: 

Define t S L 
tfe_i. Then 



Define t e 3?™ d {X) to be the unique updown tableau such that t fe i 1 t and tfc+i 



E k+1 E k S k+ iv t = s a (k + l)e Tt (k)E k+1 vi 

_ e ti (k + l)e Ft (fc) ^ 

-c t (fc+i )+q (fc + i) ^ et " (H1K 

u ~ t 

= a t (k) ^ e tu(fc + l)«u = E k+1 S k Vt, 

t ~ u 

where we have used the facts that q(fc + 1) = —c t (k) and (S k t) k ^ (S k t) k +2- 
Case 4. t fe ^ tfc +2 and t fe _i ^ t k+1 : 

First observe that because of our assumptions we have E k+ iE k S k +iv t = b t (k + 
l)E k+1 E k v Sk+lt and E k+1 S k v t = b t (k)E k+1 v Skt . If (Sk+i£)k-i ^ (Sk+ityk+i then 
we also have (S k t) k ^ (S k t) k+2 so that E k+1 S k S k+ iv t = = E k+ iS k v t . 

Suppose now that (S k+ it) k -i = (S k+ it) k+ i and let t g £^ d (X) be the unique 

updown tableau such that t ~ Sfc+it and t/c = i k +2- Set u = Ski and to = iSfc+it 
and observe that the assumptions of Ij4.12|l ff s | hold, so that b u (k)y/e uu (k + 1) = 
b m (k + l)y/e mm (k). As bt(k) — b u (k) and bt(k + 1) = b m (k + 1), the reader should 

now have no difficulty in using (|4.12l) (d) , together with the fact that u' t if and 
only if u' S k t, to show that 

E k+ iE k S k+ iv t = b t (k + 1) } e l,s k+1 t( k ) e t,u'( k + i) 11 "' 

,k + lr 
U' ~ t 



,k + l 



s k l 



□ 



The next Proposition shows that the action of #^ n (u) on A(A) respects the two 
relations l2~l7b)(T) and ElTd) (i) ■ 

Proposition 4.27. Suppose that t £ ^" d (A) and that \k - l\ > 1. Then: 

a) S k Siv t = SiS k v t . 

b) S k EiVi = EiS k v t . 
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Proof. We prove only (a) as the proof of part (b) is similar to, but easier than (a). 
First suppose that tk-i = tk+i arid t;_i = t/+i. Then 



S k Siv t = ^ s tu(l)s U m(k)v„ 



Now for each pair of updown tableaux (fo,u) with to ~ u ~ t there is a unique 

4 



l k 

updown tableau u' such that ro ~ u' ~ t; more precisely, u' k = to k and u' a = t a for 



a ^ I. Notice that S um = <5tu' and <5tu = Therefore, 



s (I) s (k) - V /ett( -^V /euu( -^ ~ ^ tu V /e u"( fc )v /e "'"'( fc ) ~ ^un 
' Ct(l)+C u (l) c u (fc)+c ro (fc) 



_ y/e u > u >(l)y/e mm (l) - 5 mu > A/e tt (fc)^/e u > u >(fc) - 6 u / t 

~ C»'(0 +C m (l) C t (fc) +C a .(k) 

where the second equality uses Ij4.8[l and l|4.12|l (e). Hence, 

SkSm = 2J s tu (l)s um (k)v m = 2J stu>(k)s u , m (l)v m = SiS k v u 

l , k . k , I 

u~t, ro~u u ~t, ru~u 

as required. 

Assume now that i k -i ^ tfc+i and t/_i = t; + i. Then 
S k SiVi = );S iu (l) (a u {k)vu + b u {k)v SkU ) 



i . 

u~t 



«t 



(k) ^ s tu(l)vu + b t (k) 2J s tu (l)vs kU 



1 x ' X 



« t 



(l)vu' = SiS k v t . 



1 x , 1 a x 



Interchanging k and I covers the case when t k ^i — tfc+i and t;_i ^ t;+i 
Finally, consider the case when t k -i =/= tfc+i and t;_i =/= t; + i. Then 

Sfe^^t = a t (k)a t (l)v t + as,t{k)b t (l)vs,i + b t (k)a t (l)v Sk t + bs,t{k)hi(l)vs k s,t 
= a t (l)a t (k)v t + a t (k)b t (l)v Sl i + a Sk t(l)b t (k)vs k t + b Sk t(l)bt(k)v Sl s k t, 

since as,t(k) = dt(k) and at(/) = as k t(l), by definition, and bs,t{k) = bt(k) and 
b Sk t(l) = b t (l) by 633(b). Hence, S k S lVl = 5 ; 5 fc w t if tfc_i ^ tfc+i and t;_i ± t ;+1 . 
This completes the proof of (a). □ 

Finally, we prove that the action of #^„(u) on A(A) respects the braid relations 
of length three. 

Lemma 4.28. Suppose that t G 5^" d (A) tjfc x 7^ tfc+i arl ^ tfc 7^ tfe+2, w/iere 

1 < k < n— 1. Then S k Sk+iS k vt = S k+ iS k S k+ iVt. 

Proof. We consider two cases. 

Case 1. S k l is not defined, or Ski is defined and (S k t) k ^ (S k t) k +2'- 

First suppose that S k t is defined. If S k +it is defined then (Sfc + it)fc_i ^ (5fc_|-it)fe+i, 

and if Sfc+i^i is defined then (Sk+iS k t)k-i ^ (S k +iS k t) k+ i because t k ^ t k+2 . 
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Thus we have 

S k S k +iS k vt = (a t (k) 2 a t (k + 1) + b t (k)a Sk t{k + l)b Sk t{k))v t 
+ (a l (k)a l (k + l)b t (k) + &t(A)a Sjbi (A + l)a Ski (k))v Ski 
+a l (k)b l (k + l)a Sk+ll (k)v Sk+ll + a t (k)b t (k + l)b Sk+1 t(k)v Sk s k+1 i 
+bt(k)b Skl (k + l)a Sk+1 s k t(k)vs k+1 s k t + b t (k)b Sk t{k + l)b Sh+1 s k i(k)v Sk 

Sk+lSki 

Now, t fe _i ^ tfc+i, or if SkSk+it is defined, then (S k S k+ it) k / {S k S k+ it) k+2 . 
Therefore, we have 

S k+ iS k S k+ iv t = (a t (k + l) 2 a t (k) + b t (k + l)a Sk+1 i(k)b Sk+1 t(k + l))v t 
+ (a t {k + l)a t (k)b t (k + 1 ) + bt(k + l)a Sk+lt (k)a Sk+1 t(k + l))v Sk+1 t 
+a t (k + l)b t (k)a Sk t(k + l)v Sk t + a t (k + l)b t (k)b Ski (k + I )v Sk+1 s k t 
+b t (k + l)bs k+1 t(k)a Sk s k+1 t(k + l)v Sk s k+1 t 
+b t (k + l)bs k+ll (k)bs kSk+1 i(k + l)vs k+1 S k S k+1 t 

Now, b Sk t(k) = bi(k) and b Sk+1 i{k + 1) = b t (k + 1) by (CT^ faV So, in order to 
check that the coefficients of u t are equal in the last two equations we have to show 



a l (fc) 2 a l (fc+f)+a Sfc t(fc+l)(l-at(fc) 2 ) = a t (fc)a t (fc+f) 2 +a Sfc+1 t(fc+l)(f-at(fc+f) 2 ); 
however, this is just a special case of the easy identity 



(b-a) 2 (c-b) c-oV {b-a) 2 J (b-a)(c-b) 2 c-oV (c-b) 2 J' 

To see that the coefficients of vs k t and vs k+1 t are equal amounts to the following 
easily checked identities 

as h t(k)as h t(k + 1) + a t (k)a t (k + 1 ) = a t (k + l)a Sh t(k + 1), 
as k+1 i(k)a Sk+1 t(k + l)+ a t (k)a t (k + 1) = a t (k)a Sk+1 t(k). 

For the coefficients of v Sk+1 s k t and vs k s k+1 t, note that as k +1 s k t (k) = a t (k + I) and 
a S k s k+1 t(k + f) = a t (fc). Finally, three applications of l|4.12|l fc) shows that the 
coefficients in v Sk s k+1 s k t = vs k+1 s k S h+1 t are equal in both equatio ns. 

If S k i is not defined then a t (fc) = ±1 and bt(k) — by Lemma [4.1 ff b - ). Hence, 
the argument above is still valid if we set &t(fc) = 0. 

Case 2. S^t is defined and (S k t) k = (S k t) k+2 : 

If Sfc+it is defined then (S k +it) k -i — (Sk+ifyk+i- Let t be the unique updown 
tableau such that t k ~ 1 S k t and t k +i = ife-i- Observe that if u k <^ 1 t and u^t then 
Ufc-i T^Ufc+i. Therefore, 

S k S k+ iS k v t = a t (k) 2 a t (k + l)v t + a t (k)a t (k + l)b t (k)vs k t 



that 



(k)v u + b t (k) s Sk a(k + lkuW 
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Similarly, 

Sk+iSkSk+iVt = a t (k + l) 2 a t (k)v t + a t {k + l)a t (k)b t {k + l)v Sk+1 t 

+ a t (k + l)b t {k) J2 s Skl}U (k + l)v u + b t (k+l) s S h+1 t,t(k)si u (k + l)v u 

k + l~ k + l~ 

U ~ t U ~ t 

+ X! fo t(fc + l)ss k+1 t,u(k)(a u (k + l)v u + b u (k + l)v Sk+lU ). 

u~S k+1 t 

We now compare each of the coefficients in the last two displayed equations. 

First we consider the coefficient of Vt. To show that the coefficients of vt are 
equal in the two expressions above, we have to prove that 

a t (fc) 2 a t (fc + 1) + b t (k)s Sk t,s k t(k + l)b Sk t{k) 

= a t {k + l) 2 a t (k) + b t (k + l)s Sk+1 t,s k+1 t{k)bs k+1 t(k + 1). 

Now, bt(k) = b Sk i(k) and b t (k + l) = b Sk+1 t(k+l) by J02Ka). So, the last identity 
is equivalent to 

a t (kfa t (k + 1) + e ^.5 fct (fc + l)-l (fc)2 

= a t (k + l) 2 a t (fc) + eSfc+ ; t ' Sfc+lt ^ ) ' 1 & gfc+lt (fc + l) 2 . 

This equation is easily verified using the definitions and Lemma |4.20l Hence, the 
coefficients of Vt in SkSk+iSkV{ and Sk+iSkSk+iVt are equal. 

Now consider the coefficient of vs k t in both equations. Since as k t(k) — a t (k+l) = 
2c,s fc t(fc + l)/(q(A;) + c Sk+lt (k))(ci(k) + c Skl (k)), we see that 

s Sk i,s k t(k + l)(a Sk t(k) - a t (k + l))b t (k) + a t (k)a t (k + l)b t (k) 

= es k t,S k i(k + l)a t (k)a t (k + l)b t (k) 

= b Sk t(k)e Sk t,s k t(k + 1) 

+ cs k+1 t{k))(ci(k + 1) + c Skl (k + 1)) 



_ b Sk+1 t{k + l)y/es~ k (k)^e Ski ,s h t(k+l) 

(q(fc) + c Sfc+ll (fc))(q(fc + i) + Cs , t (fc + i)) ' 

= b l {k + l)s Sk+iil {k) SlSki {k + l). 

where the second last equality uses (I4.12() ff % l. Consequently, 

ai(k)a t (k + l)b t (k) + bt(k)s Sk t,s k t(k + l)a Skt (k) 

= a t (k + l)h{k)ss k t,s k t{k + 1) + b t (k + l)s Sk+liri (k)s lSkt (k + 1) 

Hence, the coefficients of vs k i in SkSk+iSkVt and Sk+iSkSk+iVi are equal. A similar 
argument shows that 

a t (k)b t (k + l)s Sk+1 t,s k+1 t(k) + b t (k)s Ski - t (k + l)s~ ttSk+lt (k) 

= a t (k + l)a t (k)b t (k + 1) + b { {k + l)s Sk+1 t,s k+1 t(k)a Sk+1 t(k + 1). 

This proves that the coefficient of vs k+1 t in SkSk+iSkVt and in Sk+iSkSk+iVt are 
equal. 

Now consider the coefficient of v u where u ~ t and u ^ {t, SV-+it}. This time 
(h ,^_ ,m_ c Sk+ll (k) + c u (k) 

' at[ ' ( C 5 fc t(fc + l) + Ci (fc + l))( Ci (fc)+Cu(fc))- 

An argument similar to that for vs k t now shows that 

bt(k)s Skt:i {k + l)s lu (k) = b t (k + l)s Sk+1 i,u{k){a u (k + 1) - a t (k)). 
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Therefore, the coefficients of v u for such u in S k S k +iS k Vt and S k +iS k S k +iVi are 
equal. 

Another variation of this argument shows that if u ^ Sfct and u ^ {t, Skt} then 
the coefficients of v u in SkSk+iSkVt and S k +iS k S k +iVi are both equal. 

Next, wc suppose that S k u is defined and we compare the coefficients of vs kU in 

SkSk+iSkVt and Sfc+iSfcSfc+iWt, when u S k t and u ^ {t, Skt}. As Sfct is defined, 

k ~ 

ro = Sk+iSkU is defined and in ~ Sfc+it with tn ^ {t, Sk+it}. Conversely, if Sfc+itt) 
is defined for such ro then u = SkSk+itv is defined. Applying (|4.12|) ff) twice, we 
have 

b t (k)b u (k)yJe Ski ,s k i{k + l)\/e uu (k + 1) = b i (k+l)b m (k+l)^e Sk+lUSk+1 i( k )y/ e mm(k). 

Consequently, because cs k t(k + 1) + c u (k + 1) = c m (k) + cs k+1 t( k ), we have 

bt(k)s Sk t, u (k + l)bu(k) = b t (k + l)s Sk+li , m (k)b m (k + 1). 

That is, the coefficients of vs kU in Sk+iSkSk+xVt and S k S k +iS k Vi are equal. 

It remains to compare the coefficients of v\ in the two equations. To show that 
these two coefficients are equal we have to prove that 

a t (A;)&t(fc + l)* Sfc+lt)i (fc) + b t {k)s Skil (k + l)sn(fc) 

= o t (*! + l)b t (k)s Sktrt (k + 1) + 6 t (fc + l)s Sk+it>l (k)s n (k + 1). 

First note that, by the definitions and 14.12[) fa). 

h{k + 1) v 7 es k+1 t,S k+1 t( k ) J e t,t 0) 
6i(Ar + l)«o t i(fc) = ttt ttt-^ 

bi( k )V e Sk+ii,s k+1 i(k)\Jen(k + 1) 
cs fc+1 t(fc) +q(fc) 

So, it is enough to show that 

(c Sfc t(fc+l)+ci(fc+l))er t (fc)(at(fc)-.sn(fc+l)) - (c Sfc+lt (fc)+q(fc))( ai (fc+l)- Srt (fc)); 

however, this follows from Lemma 14.191 Hence, the coefficients of v~ t in 
S k +iS k Sk+iVi and S k Sk+iSkVt are eq ual. 

This completes the proof of Lemma T4. 281 □ 



Lemma 4.29. Suppose that t £ ^" d (A) and that either t k -i = t/b+i and tfe ^ 
tfe+2, or tk-i ^ tfe+i a«d tfe = tfe+2, for 1 < k < n - 1. TTierc S k S k+ iS k v t = 
S k +iS k S k+ iv t . 

Proof. There are again two cases to consider. 
Case 1. Sfe+it is defined: 

Suppose first that tfc_i = tfe+i and tfe ^= t k+2 - Then u = S k+ it e 3F ud {\) 
is well-defined. Furthermore, Ufc / Ufc+2 and Ufc_i ^ Ufe+i, so S k S k +iS k v u — 
S k +iS k S k +iv u by Lemma 14.281 Now, S k +iv u — a u (k + l)v u + b u (k + l)i>t and 
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b u {k + 1) ^ 0. Therefore 



v <- = , /; , ^ SkSk+xSk (S k+1 v u - a u (k + l)v u ) 



\(k+l) 

— i n , 7\ (Sk(Sk+iSkS k +i)v u - a u (k + l)(S k Sk+iS k )v u 
b u (k + 1) V 

= m . -i \ f Sk(S k Sk+iS k )v u - a u (k + l)(Sk+iSkS k +i)v u 
b u (k + 1) V 

by Lemma f4. 281 Hence, using Lemma f4 . 241 twice . 

SkSk+iSkVt = - — ^ ^S k +iS k v u - a u (k + l)(Sfc+i5fcSk+l)wu) 

= b y—Yj (Sk+iS k (Sk+iSk+i)v u - a u (k + ^(Sk+iSkSk+^Vu^J 
= i z; 1 , T\ {Sk+lSkSk+l)(Sk+lV u - a u (k + l)v u ) 

b u {k+l) V / 

= (Sk+iSkSk+i)vt 

as required. 

The case when t^-i ^ tk+i and tfc = tfc+2 can be proved similarly. 
Case 2. Sfc+it is not denned: 

This is equivalent to saying that the two nodes tfc+2 tfc+i and tfc+i tk are 
in the same row or in the same column. Therefore, either tk C i k +\ C i k +2 or 
tfc D tfe+i D tfc+2- Note that in either case t&_i = U+i, so we have 



EkVi = ^2 etu{k)v u + e u (k) 



U~t 

u#t 



By Proposition 14.261 and Proposition 14.251 SkSk+iSkEkV t — SkSk+\EkVi = 
Ek+iEkVi and Sk+iSkSk+iEkV t = Sk+iEk+iEkV t = Ek+iEkV t . 

k 

Suppose that u ~ t and u^t. Then Sfc+iU is well-defined and Ufc_i = Ufc+i — 
indeed, the two boxes tfc+2 © tfc+i and tfc+i Ufc belong to different rows and 
columns. Hence, by Case f, Sk+iSkSk+iv u — SkSk+iSkV u . Consequently, 
Sk+iSkSk+iett(k)v t = SkSk+iSkett{k)v t . Cancelling the non-zero factor eu(k) 
shows that S k Sk+iS k Vt = Sk+iS k S k+ iv t . □ 

Proposition 4.30. Suppose that 1 < k < n - 1 and t <G ^" d (A). Then 
SkSk+iSkVi = Sk+iSkSk+iVt. 

Proof. By Lemma 14.281 and Lemma 14.291 it only remains to consider the case when 
tfe_i = tfc+i and tfc = tfc+2- By Lemma 14.241 Proposition 14.251 and Proposi- 
tion ^2H a ), we have 

Sk+iSkSk+iEkVt — Sk+iSk ■ SkEk+iEkVi = Sk+\Ek+\EkVi = Ek+iEkVt, 

on the one hand. Similarly, we also have 

SkSk+iSkEkVt — SkSk+iEkVt = Sk ■ SkEk+iEkVt = Ek+iEkVt, 
Therefore, recalling the definition of EkVt, we have 

(Sk+iSkSk+i - SkSk+iSk) (eu(k)vt + ^ e iu (k)v u J = 0. 

u~t,u#t 
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Now, if u ~ t and u ^ t then SkSk+iSkV u = Sk+iSkSk+iv u by Lemma 14.291 
Consequently, SkSk+iSkVt = Sk+iSkSk+iVt since eu(fc) ^ 0. This completes the 
proof. □ 

Proof of Theorem \4-lS\ The results from Lemma 14.221 to Proposition 14.301 show 
that the action of the generators of W r ^ n (\x) on A(A) respects all of the relations of 
W rtn (u). Hence, A(A) is a /^. jra (u)-module, as we wanted to show. □ 

5. Irreducible representations and Theorem A 

In this section we use the seminormal representations to show that the cyclotomic 
Nazarov-Wenzl algebras are always free of rank r n (2n — 1)!!. Before we can do this 
we need to recall some identities involving updown tableaux. 

First, if A is a multipartition of n — 2m let be the number of n-updown 

A-tableaux. So, in particular, /d A l- A ) = #^ std (A) is the number of standard A- 
tableaux. Sundaram [Sun86, Lemma 8.7] has given a combinatorial bijection to 
show that if t is a partition (so r — 1) then the number of n-updown r-tableaux 
is equal to (n — \t\ — 1)!!/(I T I' T ). Terada [TerOl] has given a geometric version 
of this bijection when |r| = and n is even. 

Lemma 5.1. Suppose that < m < [f J and that A £ A+(n — 2m). Then 

f(n.\) = ml 71 \(O m ._^\\M.<?8t*t 



f(r h A> = r m (2m - 1) ! (A) . 

\2m J 

Proof. Using Sundaram's formula from above we have 

71 1 -\ \-n r —7i 

n t -|A (t) |G2Z 

| J T (nt _| A W|_l ) H/(|AW|,AW) 

n,hn r n i\ K-|AW|)!|AW|! 

m H n 

n t -|A (t) |G2Z 

_ J_ /(|AW| , AW) A ^-IA^I-l)!! 

niH L-Tl,.— n 

™ ! ^s«^ V- fr(2a t -l)!! 



-#^(A) J2 n 



aiH \-a r —ra 



where the summation is now over a t = — — ^ — ^ for 1 <t<r. Hence 

ciiH (-a r — m 



#^ W7^=r m [ n (2m-l)!!#^ sM (A) 



(n - 2m)! y 2 m m! \ 2m 



□ 



It is well-known from the representation theory of the degenerate Hecke algebras 
Jf rik that J2x #^ std W 2 = r k kl, where in the sum A e A+(fc). 
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Corollary 5.2. Suppose that n > 1 and r > 1. T/ien 

LfJ 

g ^ /(™^) 2 = r "(2n-l)!!. 



m— Ahn— 2m 

Proof. Using the Lemma we have 



m=0 Ahn— 2m m=0 Ahrs— 2r. 



E E / KA)2 = E_E {r™( 2 y(2m-l)!!#^(A)}. 

V((2m-1)!!) 2 V #^ td (A) 5 



-2J 

E r 2m/ n \ /,,).,. I ,H\ : - \~" _u 
V2my 

m=0 ' Ahn-2m 



^ r 2m ( 2 ^) ((2m-l)!!) 2 r"- 2m (n-2m)! 



E 2 1 ((2m-l)!!) 2 (n-2m)! 



m=0 

r" 

m— 

To complete the proof, notice that the sum on the right hand side does not depend 
on r, so we can set r = 1 and deduce the result from the representation theory of 
the Brauer algebras. □ 

A representation theoretic proof of this result is given in [RY04] where it is ob- 
tained as a consequence of the branching rules for the cyclotomic Brauer algebra. 
The cell modules of the cyclotomic Brauer algebras are indexed by the multiparti- 
tions of n — 2m, for < m < |_§ J- The branching rule [RY04, Theorem 6.1] shows 
that the dimension of the cell module indexed by A is /(™> A ). On the other hand, 
the cellular basis of the cyclotomic Brauer algebras constructed in [RY04, Theo- 
rem 5.11] contains r n (2n — 1)!! elements. Combining these two facts proves the 
result. 

Given two multipartitions A and /i such that y, is obtained by adding a box to A 
we write A — > //, or (j, <— A. 

Theorem 5.3. Suppose that R is a field with chari? > 2n and the root conditions 
(Assumption ^, hold in R. Assume that the parameters U\, . . . , u r are generic 
for W ryn {u) and that £1 is u-admissible. Then: 

a) Suppose n > 1. There is a W r ^ n -i(u) -module isomorphism 



A(A)|=0A( M ) AM. 



where A(A) J. is A(A) considered as a W r ^ n -i(u) -module. 

b) The seminormal representation A(A) is an irreducible W r ^ n (\i) -module for 
each multipartition A of n — 2m, where < m < \_^\ . 

c) The set { A(A) | A h n — 2m, < m < [§J } is a complete set of irreducible 
W r ^ n (u) -modules. 

d) #^.„( u ) * s a split semisimple R-algebra of dimension r n (2n — 1)!!. 

Proof. Part (a) follows if we define A(^) to be the vector subspace spanned by v u 
with u £ ^n d {\) and u„_i = /i. 

Let 3£ = {Xi, . . . , X n ). Since X k v t = c t (k)v t , for all t € ^ d (X) and 1 < k < n, 
the seminormal representation A(A) = @ te Rvi decomposes into a direct 

sum of one dimensional submodules as an JT-module. Further, by Lemma l4.4f a). 
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this decomposition is multiplicity free. In particular, A(A) = A(/x) if and only if 
A = fi. Further, if M is a ^ !Tl (u)-submodule of A (A) then M is spanned by some 
subset of {vi | te ^n d (X)}. ' 

To prove (b) we now argue by induction on n. If n = 1 then A (A) is one 
dimensional and hence irreducible, for all A. Suppose now that n > 1 and let 
M C A(A) be a non-zero #^„(u)-submodule of A(A). By the remarks in the 
last paragraph, M is spanned by a subset of { w t | t G £?™ d {\) }. Therefore, if we 
consider M as a #^ !Tl _i(u)-module then M D A(/i), for some multipartition /x 
which is obtained by adding or removing a node from A. 

Case 1. |A| = n: 

Since |A| = n, The multipartition fi is obtained from A by removing a node. If A = 
((0), . . . , (0), (a b ), (0), . . . , (0)) then A(A) { is irreducible as a W r , n -i (u)-module, 
so there is nothing to prove. Suppose then that A is not of this form and that 
is a different multipartition which is obtained from A by removing a node. Let 
t G .!7^ d (\) be an updown tableau such that t„_i = fi and [i \ t„_ 2 = A \ v. So 
V t G A(/i) C M and (S n -ii) n ^i = v. Now, 

S n -iVt = a t (n - l)v t + b t (n - l)v Sn _ 1 t G M, 

and bt(n — 1) since X\fi and X\v cannot be in the same row or in the 
same column. Consequently, ug n _it S M. This implies that A(^) C M since 
(S n -it) n -i = v- Therefore, J2„^x A (") C M, so M = A(A) by part(a). Hence, 
A(A) is irreducible as required. 

Case 2. |A| < n: 

Since |A| < n, ^n- 2 {X) is non-empty so we fix u G ^ l " d 2 (^)- Let t = 
(ui, . . . , u„_2) A), then t G ^„" d (A) and v t G A(/i) C M. Then 

As ei m {n — 1) ^ whenever ro ~ t, we have v m G M for each term in this sum. 

If v <— A or ^ — > A then ro = (ui, . . . , v, A) ~ t, so A(z/) C M. Hence, 
M = A(A) and A(A) is irreducible as claimed. This completes the proof of (b). 

Finally, we prove (c) and (d). We have already seen that the seminormal rep- 
resentations are pairwise non-isomorphic, so it remains to show that every irre- 
ducible is isomorphic to A(A) for some A. Let Rad /^ n (u) be the Jacobson radical 
of#;,„(u). Then 

L«/2J 

dim R W r , n (u) >dmje(J^,„(u)/Rad#; (n (u)) > ^ J2 (dim R A(X)) 2 . 

m=0 Ahn— 2rn 

By construction, dimA(A) = #5;" d (A) = f( n ' X \ So using Corollary 15. 21 and then 
Proposition 12 . 1 51 we have 

dim fl #; ! „(u) > r"(2n-l)!! > dim fl . W r . n (w). 

Therefore, Rad#^„(u) = 0, which forces diniR #^„(u) = r n (2n — 1)11. Now, parts 
(c) and (d) both follow from the Wedderburn-Artin Theorem. □ 

Before establishing a strong version of Theorem A, we show that the Root con- 
ditions f Assumption 14. can be satisfied when R = M. 

Lemma 5.4. Suppose that R = M. and we choose Ui G R in such a way that 

a) | tii | > • • • > \ur\ > n and — > 2n, 

b) Ui < if i is even and Ui > if i is odd. 
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Suppose that t £ ST™ (A) and 1 < k < n. Then |a t (fc)| < 1, if lk-i ^ tk+i, and 
eu(fc) > 0, if tk-i = tk+i- In particular, the Root Condition \4.12\ ) holds if we 
choose non-negative square roots ^/6t(fc) > and v/ eu(k) > 0. 

Proof. We start with the case tfc-i tfe+i- Let a = tfe t&_i and (3 = tfc+i tfe. 
Note that c(a) + c{(3) ^ 0. Write a = t) and (3 = {i',f, t'). lft = t' and both 
nodes are addable, or both nodes are removable, then a ^ f3. Thus, c(/3) — c(a) is 
a nonzero integer and | < 1. If t = t' and only one of the nodes is addable 

(and the other is removable), then 

= \c(a) - c{(3)\ = \2u t + (j + (f -i')\> 2\u t \ - 2(n - 1) > 2. 

Hence, |at(fc)| < 1 if t = t'. A similar argument shows that |at(fc)| < 1 when t ^ t' . 

Next we consider the case tk-i — tfc+i- Let a — tk tk-i and A = tk-i- Write 
a = (i,j, t). By (|4.8I) and because R = M, we have 

-<*)-(*(.)- t-in n^^. 

where (3 runs over all of the addable and removable nodes of A with (3 ^ a. 
Suppose that t is even. First we show that 

n c(a)+c((3) 
J- J- c(a)-c((3) 

Consider the contents of all of the addable and removable nodes of A 1 -* \ where 
t' t. If t' is even then there are / positive contents \ut' \ + dj with \dj\ < n, for 
1 < j < I, and I + 1 negative contents — \uf \ — Ci with |c;| < n, for 1 < i < I + 1. 
Let et' be the sign of the product of gfeferjp over all addable and removable 
nodes (3 of A^* Our aim is to show that 

By our assumptions, £f is equal to the sign of 

(-\ Ut \ + \u t ,\y (-\ Ut \ - \u tl \y+ 1 _ luti + Ki 



(-\ Ut \-\u t ,\y(-\u t \ + \u t ,\y+i \u t \-\u t ,\- 

Thus, Ef < if and only if t' < t. If t' is odd then there are I + 1 positive contents 
\uf\ + Ci with \ci\ < n, for 1 < i < / + 1, and Z negative contents — \ih> \ — dj with 
\dj\ < n, for 1 < j < Z. Then, by the same argument, £f < if and only if £' < f 
again. Thus 

n = (-i)*- 1 = -i. 

Let — \ut \ — Cj, for 1 < i < Z + 1, be the contents of the addable nodes of A*-') and 
let \u t \ + dj, for 1 < j < I, be the contents of the removable nodes of X^K We may 
assume that 

ci > di > ■ ■ ■ > ci > di > ci + \. 
Let et be the sign of the product of , where (3 runs over all of the addable 

and removable nodes of X^> such that (3 ^= a. 

If c(a) = — |u t | — Ci, for some i, then e t is equal to the sign of 

T-r -2\u t \ - c. L - c fc -J-r d k - g 

t};. Ck-Ci ±\ -2\u t \ - Ct - d k ' 

k^i k—1 
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so e t = (J-yjl-i = 1. As 2c(a) - (-l)' r = -2|ut| - 2c, ± 1< and 



n b *'=- 1 . 



l<t'<r 

we have e tt (fc) > 0. 

If c(a) = |itt| + dj, for some j, then e t is equal to the sign of 

n' d 3 - c k tt 2juf| + dj + d fc 

k— 1 J fc^tj J 

so £t = (l^i = -1. As 2c(a) - (-1)'' = 2\u t \ + 2dj ± 1 > and 

n e «'=- 1 . 

l<t'<r 

we have eu(fc) > again. 

The case when t is odd is handled similarly. In this case, we have 

n c(a) + c{l3) 

H c(a) -c([3) ' 

because its sign is equal to (— = 1. Let |u t | + Cj, for 1 < i < Z + 1, be the 
contents of the addable nodes of A'*J and let —\ut\ — dj, for 1 < j < I, be the 
contents of the removable nodes of A 1 -*' such that 

ci > cZi > • • • > ci > di > ci + \. 

If c(a) — \ut\ + Ci, for some i, then e t is equal to the sign of 

2\u t \ +Ci + c k J-r Ci - d k 



ni,\at\ T ci -r Ck T-r 
7~7, 11 2\ut\ + ci + d k ' 



k=£i ° k k=l 

so E t = (I^ji-i = 1- As 2c(a) - (-l) r > we have e tt (fc) > 0. 
If c(a) = — | tit | — dj, for some j, then e t is equal to the sign of 

c k - dj -J-r -2\u t \ - dj - d k 
1 = 1 -2 1 Ti t I - dj - c k 11 d fc - dj 

so e t = = — 1- As 2c(a) — (— l) r < we have eu(fc) > again. □ 

We can now prove a stronger version of Theorem A. 

Theorem 5.5. Suppose that R is a commutative ring in which 2 is invertible and 
that f2 is u-admissible. Then #^ n (u) is free as an R-module with basis the set of 
i — regular monomials. Consequently, W r ^ n (u) is free ofrankr n (2n — 1)!!. 

Proof. Recall that if R is a ring in which 2 is invertible then W r , n (u) is spanned by 
the set of r-regular monomials by Proposition 12.151 For convenience, if S is a ring 
and u s E S r then we let #s(us) be the cyclotomic Nazarov-Wenzl algebra defined 
over S with parameters 115. 

First, we consider the special case when R = Z, where Z — Z[|, Tii, . . . , u r ] and 
the Ui are indeterminates over Z. Let u = (iii, . . . , u r ), define £1 in accordance with 
Definition 13 .61 and consider the cyclotomic Nazarov-Wenzl algebra #g(u). As M. is 
not finitely generated over Q we can find r algebraically independent transcendental 
real numbers u[, . . . ,u' r £ R which satisfy the hypotheses of Lemma 15.41 Let 
Z' = Z[i, u[, . . . , u' r ] and let 8:Z — > Z' be the Z-linear map determined by 
0(ui) = Ti^, for 1 < i < r. Then 8 is a ring isomorphism. Let u' = . . . ,u' r ) 
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and fi' = { 9(u> a ) \ a > }. Then f2' is u'-admissible and 9 induces an isomorphism 
of Z-algebras #h(u) = #z<(u'), where the inverse map is the homomorphism 
induced by Q- 1 : Z' — >Z. 

Now, by Lemma f5. 41 and Theorem 15. ?>\ d). ^g(u') is an R-algebra of dimension 
r n (2n — 1)!!. Hence the set of r-regular monomials is an ]R-basis of #r(u') since 
there are r n (2n — 1)!! r-regular monomials. In particular, the set of r-regular 
monomials is linearly independent over R, and hence linearly independent over Z' . 
Therefore, #z<(u') is free as a Z'-module of rank r n (2n — 1)!!. Hence, #z(u) is 
free as a Z-module of rank r n (2n — 1)!!. 

Now suppose that R is an arbitrary commutative ring (in which 2 is invertible) . 
Then we can consider R as a Z-algebra by letting iii act on R as multiplication 
by u.i, for 1 < i < r. Since #z(u) is -E-free, the i?-algebra Wz (u) ®z R is free as an 
i?-module of rank r n (2n— 1)!!. As the generators of Wz{vl)^zR satisfy the relations 
of W rtn {xi) — Wr(vl) we have a surjective homomorphism W r ^ n (xi) — > Wz(u) <S>z R- 
By Proposition 12 . 1 51 this map must be an isomorphism, so we are done. □ 

As an easy application of the Theorem we obtain the following useful fact which 
we will use many times below without mention. 

Proposition 5.6. Suppose that R is a commutative ring in which 2 is invertible 
and that Q is u-admissible. 

a) For 1 < m < n, let W£ m (u) be the subalgebra of W r ^ n (u) generated by 
{ Si, E h Xj ; | 1 < i < m and 1 < j < m }. Then W^ m {u) = /^ r>m (u). 

b) The Brauer algebra SS n {ujQ) is isomorphic to the subalgebra of W r ^ n {u) gen- 
erated by { Si, Ei | 1 < i < n }. 

6. The degenerate Hecke algebras of type G(r, l,n) 

Suppose R is a commutative ring and let u € R r . Recall from section 2 that 
J% t n(u) is the degenerate Hecke algebra with parameters u. In this section we 
give several results from the representation theory of Jf? r ,n = =^r,n(u) which we 
will need in our study of the cyclotomic Nazarov-Wenzl algebras. As the proofs of 
these results are very similar to (and easier than) the proofs of the corresponding 
results for the Ariki-Koike algebras we are very brief with the details. 

The following result is proved by Kleshchev [Klc05]. We use the seminormal 
representations of W r _ n (u) to give another proof. 

Let A+(n) be the set of r-multipartitions of n. We consider A+(n) as a partially 
ordered set under dominance >, where A > fi if 

t=l j=l t=l j=l 

for 1 < s < r and all k > 0. If A > fi and A ^/i we sometimes write A D> /i. 

Theorem 6.1. The degenerate Hecke algebra Jt? r ^ n (u) is free as an R-module of 
rank r n n\. 

Proof. It is not difficult to see that for any ring R set 

{ r^Kf 2 • ■ • Y^T W \ 0<h<r-l,wee n } 

spans J^ ryn (u) as an i?-module. So we need to prove that these elements are linearly 
independent. 

We adopt the notation from the proof of Theorem 15.51 As in the proof of that 
result, we first consider the case when R = Z, where Z = Z[i, u\, . . . , u r ], and we 
choose r algebraically independent transcendental real numbers u\ , . . . , u' r which 
satisfy the hypotheses of Lemma l5~H Let Z' — Z[i, u[, . . . , u' r ]. Then Z = Z' <^-> M 
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and we can ask whether the degenerate Hecke algebra ^r(u'), defined over R 
and with parameters u' = (u[, . . . ,u' r ), acts on the seminormal representations of 
^r(u'). By definition, if A € A+(n) then E t A(X) = 0, for 1 < i < n. Therefore, 
over R, A(A) can be considered as an J^R(u')-module by Corollary 12. 161 Hence, as 
in the proof of Theorem 15. 51 

dim R J^(u')> (dim R A(A)) 2 =r"n!. 

AGA+(ri) 

Consequently, by the opening paragraph of the proof, this set is a basis of J£r(u'). 
As in the proof of Theorem l5.5l it follows that J^z(u) is free as a Z-module of rank 
r n n\. The result for a general ring R now follows by a specialization argument. □ 

We remark that the definition of the seminormal representations of W r ^ n {\\) re- 
quired that R satisfy assumption Ij4.12|l . It is not hard to modify the definition 
of the seminormal representations of ^ r ^ n (u) so that the formulae do not involve 
any square roots and so that they work over an arbitrary field (cf. [AK94]). In 
particular, this leads to a simplification of the last argument. 

Definition 6.2 (Graham and Lehrer [GL96]). Let R be a commutative ring and 
A an i?-algebra. Fix a partially ordered set A = (A, >) and for each A G A let T(A) 
be a finite set. Finally, fix C A t G A for all A G A and s, t G T{\). 
Then the triple (A,T, C) is a cell datum for A if: 

a ) { C 5 A t I A G A and s, t G T(A) } is an iZ-basis for A: 

b) the i?~linear map * : A — > A determined by (C A t )* = C^j for all A G A and 
all s, t G T(A) is an anti-isomorphism of A; 

c) for all A G A, s G T(A) and a £ A there exist scalars r 5U (a) G R such that 

aC A = r *» C ut (modA >A ), 

uGT(A) 

where A >x = i?-span { \ fi D> A and u, G T(^jl) }. 
An algebra A is a cellular algebra if it has a cell datum and in this case we call 
{ C 5 A t | s, t G T(A), A G A } a cellular basis of A. 

To show that J%. tn (u) is a cellular algebra we modify the construction of the 
Murphy basis of the Ariki-Koike algebras; see [DJM99]. For any multipartition 
A = (A (1) , A (2) , • • • , A (r) ) we define u x = u ai ,\u a ^,i ■ ■ ■ u ar _ u r-i, where u a ,i = (Yi - 
u l+1 )(Y 2 - Ui+i) •■•(Y a - iti+i) and a, = X)J=i 1 < i < r- 1. Let 6 A be the 

Young subgroup 6 A (i> x 6 A ( 2 j x • • • x 6 A( ,., of 6„. Let x x = J2we6 x T ™ ana ^ define 

m si = T d{s) -iu x x x T d (i) G J4? r>n (u), 

where 0, t are standard A-tableaux. 

Theorem 6.3. The set {m sl | s, t G 3? std {\) and A G A+(?i) } is a cellular basis 
of Jf r ,n( u )- 

Proof. The proof of this result is similar to, but much easier than, the corresponding 
result for the cyclotomic Hecke algebras. See [DJM99] for details. □ 

We next give a formula for the Gram determinant of the cell modules of J%- tn (u). 
This requires some definitions. 

Definition 6.4. The parameters u = (ui, . . . , u r ) are generic for J^„(u) if when- 
ever there exists d G Z such that Ui — Uj = d ■ 1r then \d\ > n. 

The following Lemma is well-known (cf. [JM00, Lemma 3.12]), and is easily 
verified by induction on n. 
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Lemma 6.5. Suppose that the parameters u are generic for Ji? r ^ n (u) and that R 
is a field with chari? > n. Let A and fi be multipartitions of n and suppose that 
5 £ ^ n std (X) and t £ ^f rf 0). Then 5 = t if and only if c B (k) = c t (k), for 
k = 1, . . . , n. 

As in the definition of a cellular basis, if A £ A+(n) then we let be the 

free i?-submodule ^,„(u) with basis { m si s, t G .!7 std {^) for /x O A }. It follows 
directly from Definition 16. 2\ c) that is a two-sided ideal of J%. in (u). 

Lemma 6.6. Suppose that X is a multipartition of n and that s,t£ ^f* d (A). Then 

Y k m 5t = c s (k)m 5t + ^ r ut m ut (mod if r ^), 



uG^„ s "(A) 

U|>B 



for some r ut £ i?. 



Proof. If r = 1 then this is a result of Murphy's [Mur83] . The general case can be 
deduced from this following the argument of [JMOO, Prop. 3.7]. □ 

We can now follow the arguments of [Mat04] to construct a "seminormal" basis 
of Jf ryn (u). 

Definition 6.7. Suppose that A G A+(n). 
a) For each t e 3T sU {\) let 

f = TT TT Yk - 

1 tA ; + , c t( fc )- c u(fc)- 

c„(fc)^c t (fc) 

6) If s, t G ^ strf (A) then let f sl = F 5 m st F t . 

Using the last two results and the definitions it is not hard to show that if s, t and 
u are standard tableaux then f s tF u — 5 iu f 5i ; see, for example, [Mat99, Prop. 3.35]. 
Hence, from Theorem 16.31 and Lemma 16.61 we obtain the following. 

Proposition 6.8. Suppose that R is a field with chari? > n and that u is generic 
for J%., n {u). Then {/ si |s,tG ,'7 std (\), A £ A+(n) } is a basis ofJf r ,n( u )- More- 
over, for each standard tableau t there exists a scalar ji £ R such that 

/st/ut) = <5tu7t/sDi 

where s, t G & std (\), u, G ST std {[i), and \,fi£ A+(n). 

Notice, in particular, that the Proposition implies that {f s t} is also a cellular 
basis of J^ t7l (u). 

Although we will not pursue this here, we remark that F t — ■^■/u and that 
these elements give a complete set of pairwise orthogonal primitive idempotents for 
J%- tn (u). This can be proved by repeating the argument of [Mat04, Theorem 2.15] 

Suppose that A is a multipartition of n and let S(X) be the associated Specht 
module, or cell module, of Jf r , n (u). Thus, 5(A) is the free i?-module with basis 
{ m 5 | s G £? std (\) } and where the action of J^ >n (u) on 5(A) is given by 

am s = ^2 r su (a)m u , 

where the scalars r 5U (a) £ R are as in Definition 16. 2( c). 

It follows directly from Definition ^ . 2l that 5(A) comes equipped with a symmetric 
bilinear form ( , } which is determined by 

(m s ,m t )m ut , = m us m iD (mod J^^ A ), 
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fors,t,u,0 G ^ std (X). Let G(A) = det ((m s ,m t )), fors.te 5^ std (A), be the Gram 
determinant of this form. So G(X) is well-defined up to a unit in R. 

Corollary 6.9. Suppose that R is a field with chari? > n and that u is generic for 
J^ tn (u). Let X be a multipartition of n. Then 

G(X) = II Tt- 

Proof. Fix t G 3? std (X). Then Specht module 5(A) is isomorphic to the submodulc 
of Jifr^/J^ which is spanned by { m st + Jf^ | s G 3T std (X) }, where the iso- 
morphism is given by 6 -.J^^/Jf^ — > S(X);m 5t + J^P^ i— > m B . Let / s = 0(f si ). 
Then { / s | s G ^ s * d (A) } is a basis of 5(A) and the transition matrix between the 
two bases {m 6 } and of 5(A) is unitriangular by Lemma 16.61 Consequently, 
G(X) = det ((/s, /t)) , where s, t G ^ std (A). However, it follows from the multiplica- 
tion formulae in Proposition ^. 81 that (f s , f t ) = (5 5 t7t; see the proof of [Mat04, The- 
orem 2.11] for details. Hence the result. □ 

Consequently, in order to compute G(X) it is sufficient to determine jt, for all 
t G £? std (X). It is possible to give an explicit closed formula for ji (cf. [Mat04, 
(2.8)]), however, the following recurrence relation is easier to check and sufficient 
for our purposes. 

Given two standard A-tableaux s and t write s > t if Sk E> tfe, for 1 < k < n. Let 
t A be the unique standard A-tableaux such that t A > s for all s G ,'7 std (X). If S > t 
and 5^1 then we write sot. 

Lemma 6.10. Suppose that R is generic for J%. >n (u) and that chari? > n. Let A 
be a multipartition of n. 

«) 7t*= n n^f)'- n n 



l<t<ri>l l<s<t<r i,j>l 



(<0 



1<j<A 

b) Suppose that s,t G £T std (X) such that s > t and s = Ski, for some k. Then 

_ (e«(fc)-e t (fc) + l)(e a (fc)- Ct (fc)-l) 

7t — (c s (k)- Cl (k)y 2 7s- 

Proof. Part (a) follows easily by induction on n. Part (b) follows using arguments 
similar to [JMOO, Cor. 3.14 and Prop. 3.19] □ 

We remark that the arguments of [JMOO, 3.30-3.37] can now be adapted to give 
a closed formula for G(X). The final result is that 



= n *!T (A)| 



ueAJ(n) 

where g\ v is a product of terms of the form (c t x(k) — Ct»{l)) where these terms 
are determined in exactly the same way as in [JMOO, Defn 3.36]. As we do not need 
the precise formula we leave the details to the interested reader. 

Theorem 6.11. Suppose that R is a field and that u G R r . Then Jif r ^ n (u) is (split) 
semisimple if and only if chari? > n and u is generic for Ji? r ^ n (u). 

Proof. First, note that because J%- tn (u) is cellular, it is semisimple if and only if it 
is split semisimple; see, for example, [Mat99, Cor 2.21]. 

Next, suppose that chari? > n and that u is generic for Jf%. >n (u). Then G(X) ^ 
for all A G A+(n) by Lemma lo. 101 Consequently, for each A G A+(n) the Specht 
module 5(A) is irreducible. Hence, by [Mat99, Cor 2.21] again, J%. tn (u) is semisim- 
ple. 
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To prove the converse, let A = ((n), (0), . . . , (0)) E A+(n) and set m\ = m t A t x; 
more explicitly, 

r n 

m x = J2 T w -YlY[( Y k-ut). 

we6„ t=2fe=l 

It is easy to see that T a m\ = m\ = m\T a , for any a G & n . It also follows from 
Lemma 16.61 that Y^m\ = c i \{k)m\ — m\Yk- Hence, Jif r ^ n (u)m\J^f r ^ n (u) = Rm\ 
and 

r n— 1 

m\ = nl Yl J\ ( u i + d ~ u t) ■ to a- 

t=2 d=0 

If chari? < n then nl = in R so that Rm\ is a nilpotent ideal in Jf%. tn (u), so 
Jrf?r yn (u) is not semisimple. On the other hand if u is not generic for J^ r>n (u) then 
ui — Uj = dlfi for some i ^ j and some d G Z with |d| < n. By renumbering 
wi,...,u r , if necessary, we see that Rm\ is a nilpotent ideal. Hence, if cither 
chari? < n, or if u is not generic for J^„(u), then j£^„(u) is not semisimple. □ 

7. A CELLULAR BASIS OF 5^ >n (u) 

Throughout this section we assume that R is a commutative ring in which 2 
is invertible and that f2 is u-admissible. This section constructs a cellular basis 
for W rt n = W r ,n( u ) using the cellular bases of the algebras .^f r ,n-2f — ^r,n-2/( u )i 
for < / < |_§ J, together with a series of filtrations of #^-. n . Our construction of 
a cellular basis of #^ ra is modelled on Enyang's work [Eny04] for the Brauer and 
BMW algebras. 

Before we begin we need to fix some notation. Recall that the set {Si, . . . , S n —i} 
generates a subalgebra of W r ^ n which is isomorphic to the group ring of & n . For 
each permutation w 6 6 n we defined the corresponding braid diagram j(w) in 
section 2; we now set S w = B 1 i w y Equivalently, if w = (ii, %\ + 1) . . . ik + 1), 
where 1 < i 3 < n for all j, then S w — . . . Si k . Then { S w \ w € ©„ } is a basis 
for the subalgebra of W r , n generated by {Si, . . . , S n -i}- 

Next, suppose that / is an integer with < / < |_§ J • It follows from Theorem l6.ll 
that we can identity J^C r ,n~2f with the subalgebra of Jif r _ n (u) generated by Yi and 
Tj, where 1 < i < n — 2f and 1 < j < n — 2/ — 1. Similarly, by Proposition 15.61 
we can identify W r<n -2f with the subalgebra of W r>n generated by Xi, Sj and Ej, 
where 1 < i < n — 2/ and 1 < j < n — 2/ — 1. 

Definition 7.1. Suppose < / < [f J- Let £/ = W r , n -2fE\W r , n -2f be the two- 
sided ideal of ^r, n -2/ generated by 

Proposition 7.2. Suppose that < / < [§J ■ Tften f/iere is a unique R-algebra 
isomorphism Ef : J$%- tn -2f(u) = W r , n -2f /£f such that 

e f (Ti) ^St+Sf and £/ (^-) = X, + £ /; 

/or 1 < i < n - 2/ and 1 < j < n — 2f. 

Proof. We first show that W r ,n-2f /£f is a free i?-module of rank r n ~ 2 f(n — 2/)!. 
It follows from the multiplication formulae for Brauer diagrams that an r-regular 
monomial X a B~ f X 13 in "W r .n-2f belongs to Ef whenever 7 has a horizontal edge 
(equivalently, 7 ^ "f(w) for some w S © n _2/)- If 7 = 7(w), for some w 6 S n -2/, 
then i? 7 = S*™ and 7 contains no horizonal edges, so the definition of regularity (Def- 
inition H2]J|, forces (3 = 0. So, by Theorem 15.51 W r>n -2f/£f is spanned by the ele- 
ments { X a S w + £f I < a.i < r, for 1 < i < n — 2/, and w G & n -2f }■ Note that 
this set contains r n ~ 2 f (n — 2/)! elements. 
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To see that the elements at the end of the last paragraph are linearly inde- 
pendent we use the seminormal representations from section 4. Using the ar- 
guments and the notation from the proof of Theorem 15.51 it is enough to show 
that diniR %(u')/£/ > r™" 2 -' ' (n — 2f)\. Now a seminormal representation A(A) 
of #k(u') is a representation of #r(u')/£/ if and only if £/A(A) — 0, which hap- 
pens if and only if A is a multipartition of n — 2/. Therefore, by the arguments 
of section 5, dimR #r(u')/£/ > r n ~ 2 f(n — 2/)!. Hence, by the arguments used 
in the proof of Theorem 15.51 (compare, Theorem 16.1(1 . the elements above are a 
basis of W r , n -2f / £} and, consequently, #^„_ 2 //£/ is free as an i?-module of rank 
r n~2f ^ n _ 2 J) I as claimed. 

Inspecting the relations of t ^. ! „_2/(u) and ^, n -2/ shows that there is a unique 
algebra homomorphism £/ : J^„_2/(u) — >^-,n-2//£/ such that £/(li) = Si+£f 
and Sf(Yj) = Xj + £/. To see that £/ is an isomorphism observe that £/ maps the 
basis of ^..„_2/(u) to the basis of W r . n -2f/£f- Hence, it is an isomorphism with 
inverse determined by eJ 1 {X a S w + £/) = Y a T w , for w 6 & n -2f and < a, < r 
where 1 < i < n — 2/. □ 

Definition 7.3. Let E* = £„_i£ n _ 3 ■ ■ ■ E n - 2 f+i and let Wj n = W r , n E f W rtn be 
the two-sided ideal of generated by E* . If / = [f J then we set J^ r ,n~2f{u) = R 
and WJ+ 1 = 0. 

Note that this gives a filtration of by two-sided ideals: 

W r , n = W° n D W r ) n D ■ ■ ■ D WrJ 1 D Wr^ +1 = 0. 

For < / < |_§ J let 7r/ : W/ n — ^J^l^r,^ 1 be the corresponding projection map 
of #^ n -bimodules. 

For convenience we set N r = {0, 1, . . . , r — 1} and define Nr to be the set of 
n-tuples k = (fci, . . . , fc„) such that ki G N r and ki ^ only for i = n — 1, n — 
3, . . . , n - 2/ + 1. Thus, if k G N ( r f) then X K = X%L\ X X^_~ 3 3 . . . X^f+l G W r , n . 

Lemma 7.4. Suppose that < / < |_f J and n E ni S] . Then E^X K E S C . 

Proof. As E? +1 = E^ E n -2f-i, this follows because £/ = W r ^ n -2f E n -2f ~i^r,n-2} 
and every element of #i-,n-2/ commutes with E? X K . □ 

Combining the last two results we have a well-defined i?-module homomorphism 
<Jf : J%, n -2f ~^K f n/K f n\ far each integer /, with < / < L|J, given by 

a f (h) = Efs f (h) + W/+\ 

for h € ^-,n-2/- 

We will need the following subgroups in order to understand the ideals Wj n . 

Definition 7.5. Suppose that < / < |_§J- ®/ be the subgroup of 6„ 

generated by 5 f „_25'„_iS' n _35„_2, • • • , 5„_2/+25„_2/+iS , „_2/+3<S'„_2/+2}- 

The symmetric group & n acts on the set of Brauer diagrams B(n) from the right. 
Let 7 = jn—i ° • ' ' ° 7«-2/+i- Then E* = B 1 and 03/ is the stablizer in & n of the 
diagram 7. The group 03/ is isomorphic to the hyperoctahedral group Z/2Z I & f, 
a Coxeter group of type 03 / . 

Given an integer /, with < / < |_f J, let r = ((n - 2/), (2 / )) and define 



V f = d66„ 



t T d = (ti, 12) is a row standard r-tablcau and the j 



first column of t-2 is increasing from top to bottom 

The following result is equivalent to [Eny04, Prop. 3.1]. (Enyang considers a 
subgroup of & n which is conjugate to 03/.) 



46 



SUSUMU ARIKI, ANDREW MATHAS, AND HEBING RUI 



Lemma 7.6. Suppose that < / < [§ J • Then T>f is a complete set of right coset 
representatives for 6„_2/ X 03/ in 6 n . 

The point of introducing the subgroup 03/ is the following. 

Lemma 7.7. Suppose that < / < |_§J> w G 6„_2/ and </ia< 6 G 03/. TTien 
= E'-f Su, and EfS b = E* = S b EL 

Proof. The first claim is obvious by l|2.1|l (d)(i). For the second claim it is enough 
to consider the case when b is a generator of 03/ . In this case the claim is easily 
checked using the tangle relations and the untwisting relations. □ 

Motivated by the definition of the elements m sl G J^ n _2/(u) from the previous 
section, and by the work of Enyang [Eny04], we make the following definition. 

Definition 7.8. Suppose that < / < |_f J and A G A+(n - 2f). Then for each 
pair (s, t) of standard A-tableaux define 

r lAdJl+.-. + IA' 3 - 1 '! _^ 

Mat = S d ( t )-i ■ Y[ I"I (Xi-Us) ^2 S v>' S d(i)- 

s=2 i=l iuSSa 

We remark that we will not ever really use this explicit formula for the elements 
M s t. In what follows all that we need is a family of elements {M si } in W r , n which 
are related to some cellular basis of J^- )n _2/(u) as in Lemma 17. 9f d) below. 

The following result follows easily using the relations of and the definitions. 

Lemma 7.9. Suppose that < / < |_f J, A G A+(n - 2f) and that s, t G ,J std (\). 
Then: 

a) EfM M = M si Ef G W r { n . 

b) 7/kG W ] then M si X K = X K M si . 

c) If w is a permutation of {n — 2/ + 1, . . . ,n} then M si S w = S w M si . In 
particular, M si S w — S w M si if w G 03/. 

d) We have af(m si ) — iTf(Ef M si ). 

The filtration of W r , n given by the ideals Wj n is still too coarse to be cellular. 

Definition 7.10. Suppose that A is a multipartition of n — 2f, where < / < |_§J • 
Define to be the two-sided ideal of W r , n generated by Wj^ 1 and the elements 

{ E f M st | s, t G ^ std {fx) and fi G A+(n - 2f) with fi > A } . 

We also set W r % x = J2^x where in the sum M G A+(n - 2/). 

Observe that 

and that C whenever A > fx. Consequently, the ideals {^.-„ A } give a 

refinement of the filtration of W r , n by the ideals {W/ n }. 

Definition 7.11. Suppose that s G ,J std {\). We define A B (/,A) to be the i?- 
submodule of l^r'n spanned by the elements 

{ EfM si X K S d + W r % x | (t, k, d) G <*(/, A) } , 

where S(f, A) = { (t, k, d) | t G ,7 std (\), k G N { r f) and d G P/ }. 

We will see below that As(/, A) is a right #^.„-module and that the spanning 
set in the definition is a basis of A s (/, A). Moreover, there is a natural isomorphism 
A S (/,A) ^ A t (/,A), whenever s, t G ^ std {\). 

Before we begin studying the modules A s (/, A) it is convenient to define a degree 
function on W r . n . Recall from Theorem 15 .51 that the set of r-regular monomials is 
a basis of #^„. 
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Definition 7.12. Suppose that a — '^2,r a ^pX a B 1 X^ g W r ^ n , where each of the 
monomials in the sum is r-regular. Then the degree of a is the integer 

n 

deg a = max | ^^(ccj + Pi) r ai p for some 7 G B{n) j . 

i=i 

In particular, degSi = degEi = 0, for 1 < i < n, and degX,- = 1, for 1 < j < n. 
We note that the proof of [Naz96, Lemma 4.4] implies that 

deg(afr) < deg(a) + deg(6), for all a, b G 

Lemma 7.13. Suppose that 1 < j < n and that 1 < k < r. Then EjX^Ej = 
EjUjj k \ where u/j is a central element in W r ^-\ with degto^ < k. 

(k) (k) 

Proof. We argue by induction on j. If j = 1 then degu^ = because u>\ G R 
by relation (jOJ(f)- Suppose then that j > 1. 

By Lemma 14.151 u>j is a central element of W r j-i in R[X±, . . . , Xj—i] and 
degujj^ < k. Consequently, if uj^ = ^2 a r a X a , for some r a 6 R, then 
ujj^Ej — ^2 a r a X a Ej where each of the monomials X a Ej is r-regular. Hence, 

deg(ojj k ^Ej) = degw^'. Therefore, it is enough to prove that deg(wj fc ' ) Ej) < k. By 
Lemma 12.31 

wf Ej = EjXlfEj = (-l) k EjXj +1 Ej = (-l) k E j S j - 1 x!* +1 S 3 -iE j 

= ( - 1 ) E j E j - 1 S j x j + 1 S j E j - 1 E 3 
= (-l) k E j E j _ 1 (X$+X)E j _ 1 E j , 

where X G W r j + i and degX < k since deg(afr) < deg(a) + deg(6). We have that 
dcg( /•;,/:, ;.\ /., |/.', i < dcgX < k and that 

EjEj-iXjEj-iEj = (-\f EjE j-xX^^Ej-iEj = {-if'Jf^EjEj^Ej 



= (-l^Ej. 



?u\ _ , _ 

By induction dego^ _ x < fc, so this completes the proof of the Lemma. □ 

Given integers j and fc, with 1 < j, k < n, let Ej^ — B y where 7 is the Brauer 
diagram with horizontal edges {j, k} and {j,k}, and with all other edges being 
vertical. Thus, S w EiS w -i = E^y w -i ^ i+X ) w -i, for all w G & n . Finally, note that 
Ei = Ei,i + \. 

Until further notice we fix an integer /, with < / < [§J 1 a multipartition 
A G A+(n — 2/) and a standard A-tableau s and consider A(/, A) = A s (/, A). The 
next two Lemmas show that A(/, A) is a right #^„-submodule of /W r „ and 
that the action of W r , n on A(/, A) does not depend on s. 

If AC = (Kl, . . . , K n ) G W r J ' we Set \k\ = K n -\ + K„- 3 H 1" «n-2/+l = degX K . 

Lemma 7.14. Suppose that t G ,'7 std (\) and deVf. For 1 <i <n and 1 < j < n 

there exist scalars a ve ,b ve , c ope G R, which do not depend on s, such that: 
a) E* M st S d ■ Si = a ve EfM so S e (mod W r % x ), 

x>£.sr std (\) 
eev f 

6) EfM st S d -Ei= b 0e EfM 30 S e (mod W r % x ), 

x>esr std (\) 

eeT> f 

c) EfM st S d -X : = J2 c 0pe EfM so XPS e (mod W^). 

(B,p,e)e«(/,A) 

IH<1 
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Proof, (a) Now, S d Si = S^u^u and by Lemma \7. 61 we can write d(i, i + 1) = abe 
where a € S ra _2/, b £ 03/ and e € T>j; so S d Si — S a SbS e . By part (d) of Lemma l7.9l 
respectively, we have 

E?M, t S a = Efe f {m 5i )S a = e f (m st T a ) (mod W r % x ), 

since I^Jn 1 — ^r"n- As m st i s a cellular basis element for J^ r ,n-2f, we can write 
m sl T a as a linear combination of terms m B „ plus an element ofJtf?^. Consequently, 
(E^M^i + W^" x )S a can be written in the desired form. Hence, we may now assume 
that a = 1. 

To complete this case, observe that if G 2T std (\) then, by Lemma f7.9f c) and 
Lemma 1771 E f M sv S b S e = E s S b M av S e = E f M s0 S e as required. 

(b) We have to consider the product E* M si S d Ei. Let j = (i)^ 1 and k = + 
Then S d Ei = E jjk S d so that E* M sl S d Ei = E^M si E jtk S d . By part(a) we may 
assume that d = 1. We can also assume that j < k since Ej ik = E k j. So we need 
to show that E* M 5l Ej^ + has the required form. There are three cases to 

consider. 

(1) First, suppose that j < k < n — 2f. Then Ej tk £ %r,n-2f> so that M si Ej ik S 
£ f and EfM st E jjk 6 E* £ f C by LemmaO' Hence', E f M si S d Ei e C 

and part (b) is true when j < fc < n — 2/. 

(2) Next, suppose that j < n — 2f < k. An easy exercise in multiplying Brauer 
diagrams shows that 



= l EfS (j,k-i), ifn-fciseven, 
E? Sij jk +i)> if n — fc is odd. 



So LemmaEHa) implies that E f M sl S d E t = M &i E s E j>k S d = E f M 5t S d S d -i (j , k±1)d , 
we again deduce the result from part (a). 

(3) Finally, suppose that n — 2f < j < fc. Then M s tEj, k = Ej^M si and a 
Brauer diagram calculation shows that E*Ej tk — E' S w , where w is a permutation 
of {n — 2/ + 1, . . . , n}. Consequently, 

EfM at S d Ei = EfM st E jtk S d = E* ' E jtk M si S d = E* ' S w M si S d = E f M si S w S d , 

where the last equality follows from Lemma f7.9f c). As S w S d — S d S d -i wd we are 
done by part (a). 

(c) It follows from the skein relations that S d Xj = X(j) d S d + B, for some B 6 
£§ n (uJo)- Hence, by parts (a) and (b) it suffices to show that E s M^Xi can be 
written in the required form, for 1 < i < n. If i < n — 2/ then 



so the result follows because m s t is a cellular basis element of J?^ n _2/(u). If 
i > n — 2/ then the result is immediate if n — i is odd. If n — i is even then 
i — 1 > n — 2/, so the result follows because Ei_%Xi = — £j_iXj_i by 12.1(1 (h^. 
This completes the proof of the Lemma. □ 

Proposition 7.15. Suppose that (t,K,d) £ <5(/, A). For 1 < i < n and 1 < j < n 

there exist scalars ax,p e ,bvp e ,c p e S R, which do not depend on 5, such that: 

a) E f M st X K S d - S l = a ope E f M, v X p S e (mod W r % x ), 

(0,p,e)e5(/,A) 

H<l«l 

b) EfM si X K S d .Ei= K P eE f M 5V XPS e (mod W^), 

lpl<l«l 
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c) E^M st X K S d ■ Xj = V Ct , pe EfM s0 XPS e (mod W^). 

(t>,p,e)e«(/,A) 
| p |<|k| + 1 

Proof. The case |k| = is precisely Lemma IV. 141 We now assume that |k| > and 
argue by induction on 

(a) Write SdSi = S a S b S e , where a £ S„_ 2 /, & £ 25/ and e <G Z>/. As 
E* MsiX K = E' X K M S i we may assume that a — 1 by repeating the argument from 
the proof part (a) of Lemma 17.141 By the right handed version of Lemma 12.31 
X K S b = S b X Kh ~ + X, where X is a linear combination of monomials of the 
form xi . . . Xk with Xj £ { Si, Ei, X m | 1 < I < n and 1 < m < n } and k < \k\. 
For each summand x\ . . .xu of X we have k < \k\ so by induction we can write 
(E^ M s t + W^) x i ■ ■ ■ x i m the required form, for I = 1, . . . , k; consequently, by in- 
duction, we can write {E* M si + W^)x\ . . . x k S e in the required form. Hence, we 
are reduced to showing that M Bl S b X Kb 1 S e +W^ can be written in the required 
form. Now, E f M sl S b = E f ' S b M st = E s ' M st by Lemma VTMc) and Lemma 1771 
Therefore, using Lemma IY . 71 once again, 

E f M &i S b X Kb ^ S e = E f M &i X Kb ^S e = M Bi E f X Kb ~^S e = ±M si E f X K 'S e , 

where n' £ N| because b £ and EjXj + \ = —EjXj by the skein relations. 
Hence, E f M^ShX^ 1 S e = ±E f M sl X K ' S e and the inductive step of the Proposi- 
tion is proved when h — Si. 

(b) As in the proof of part (b) of Lemma 17.141 we have E s Mc, i X K SdE i 
/." M si X K E jtk Sd, where j = (i)d -1 and k = (i + l)d _1 . Further, as E hk = E k j we 
may assume that j < k and, by part (a), we may assume that d = 1. So we need 
to show that E$ M^X^Ej^ + has the required form. There are two cases to 
consider. 

Case bl. k = j + 1: 

We must show that E* M st X K Ej can be written in the required form. 

First suppose that j < n — 2f. Then we may repeat the argument from the proof 
of part (b) of Lemma IV. 141 to see that M si Ej £ Ef, so that 

/:•' .i/,;.v /-., = /.' •' ,\ ' .\/„/:, e E f x K s f . 

Hence, E f M< ii X K S d E. l £ W/+ 1 C by Lemma 17^1 and the Proposition is true 

when j < n — 2/. 

Next, suppose that j > n — 2/. If Kj + Kj+i = then X K Ej = EjX K so the 
result follows by induction. Suppose then that Kj + > 0. 

If j = n — 1 (mod 2) then Ej is a factor of Ef and Kj > 0. By Lemma [7.131 

we have that EjX^ J Ej = EjLo^ 3 \ where u>j is a central element of "W r ,j-\ with 

deg^ (Kj) < Kj. Write E* = E* Ej and X K = X K Xj j . Then 

E f M si X K Ej = E f M st X K EjXj /•:, = E 3 'M st X K Ej^ Rj) = E f M si X K E j uj { * :i} . 

As degA K = \k\ — Kj and deguij < Kj, the result now follows by writing u^ 3 ^ 
as a linear combination of terms of the form x\ . . .xi and applying induction to 
each of the products E* M s \X ri EjX\ . . .x m , for 1 < m < I (compare the proof of 
part (a)). 
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lfj = n (mod 2) then Ej + \ is a factor of and Kj+i > 0. Write E? = ffl Ej + \ 
and X K = X K X*£\ Then 

E f M st X K E j = E f M si X K 'E j+l X^E j = ±E j ' M st X K E j+l X* i+1 Ej 

= ±E } : M sl X K Xj j+1 E j+1 Ej = ±E f M,iX K X^ +1 E J+l SjS 3+l 
= ±EfM st X K E j+1 X* i+1 SjS j+1 . = EfM 3t X K SjS j+1 . 

Hence, the result follows by part (a). 

Case b2. k > j + 1: 

Since |k| > we can fix I with k; ^ (so I = n — 1 (mod 2)). Write E? = E? Ei 
and X K = X K Xf . Set V = I if I £ {j, k} and V = I + 1 if I £ {j, k}, and put I" = I' 
if I' ^ j + 1 and Z" = fc if /' = j + 1. Note that I' £ {j, k} and I" £ {j,j + 1} since 
k > j + 1. We have 

E f M sl X*E^ k = ±EfM st X K EiX«>S {j+1>k) E j S (j+lik) 

= ±E f Mc, l X h, Ei(S( j+ i tk )Xfi + X)EjS(j +li k) 

= ±E* M si X K (S(j + i > k)X$ + X)EjS(j + x t k), 

where degA < k;. Hence, by induction and part (a) it suffices to show that 
E? M 5i X K 'Srj+i^Xfj} Ej can be written in the required form. As I" £ {j,j + 1} 

E * M st X K S(j + \^)X$ Ej = E* M si X K S(j +1 ^EjXp . 

Therefore, EfM si X K Ej. k can be written in the required form by induction. 

(c) As in the proof of Lemma f7. 141 we may assume that r > 1 and, by the skein 
relations, SdXj — X^ d Sd + B, for some B G 3S n (u)o). Hence, by parts (a) and (b) 
it suffices to show that E* M sl X K ■ X.- L can be written in the required form. If 
i < n — 2/ then 

EfM st X K Xi + W r % x = EfX K a(m st )Xi + W r >x = E* ' X K <j{m si Y{) + W r % x , 

so the result follows because {m s t} is a cellular basis of J^„_2/(u). If i > n — 2/ 
and Ki < r — 1 then E? M si X K Xi is of the desired form. If m = r — 1 then 
X^Xi = X\ can be written as a linear combination of r-regular monomials of 
degree less than or equal to Ki by the proof of Theorem 15. 51 Hence, using parts (a) 
and (b) and induction for each of these r-regular monomials, E* M si X K Xi + „ 
can be written in the required form. 

This completes the proof of the Proposition. □ 

Recall from (J22J that W aS has a unique i?-linear anti-automorphism * : W — > 
yjf aS which fixes all of the generators of W 3 ^. This involution induces an anti- 
isomorphism of W r . n , which we also call *. Thus, S* — Si, E* = Ei, X* — Xj and 
(ab)* — b*a* , for 1 < i < n, 1 < j < n and all a, b G yK,n- Observe that S^ = S w -i, 
for w e 6„, and that M* t = M ts . 

Proposition 7.16. Suppose < / < [f J and A e A+(n - 2f). Then Wj^/W^ 
is spanned by the elements 

{ S* e XfEfM sl X K S d + W r % x | (t, k, d), (s, p, e) e S(f, A) } . 

Proof. Let W be the i?-submodule of W^- x ' l^^n spanned by the elements in the 
statement of the Proposition. As the generators {E f M sl + W^} of W r - X /WJ> X 
are contained in W, and W C jW^ x , it suffices to show that W is a #^„- 
bimodulc. 

First, by Proposition 17. 15l W is closed under right multiplication by elements 
of #^n. To see that W is also closed under left multiplication by elements of W r , n 
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note that (#^ l A )* = TPJ^ as the set of generators for is invariant under * 

because (E? M st )* = M is (E f )* = M ts E f = E^M U . Therefore, if a G W r , n then 

a(S*XPE f M st X K S d + W r % x ) = {(S* d X K E f Ah,X p S e + W r % x )a*)* G W, 

by Proposition 17.151 Hence, W is closed under left multiplication by elements 

Let A+ = { (/, A) | < / < LfJ and A G A+(n - 2/) }. If (/, A) G A+ and 
(5, p, e), (t, k, d) G S(f, A) then we define 

C9' x \ lt ,,=S*X p E f M s iX K S d . 

We can now prove Theorem B from the introduction. 

Theorem 7.17. Let R be a commutative ring in which 2 is invertible and let 
u G R r . Suppose that is xi-admissible. Then 

is a cellular basis o/#^„(u). 

Proof. Applying the definitions it is easy to check that (C^'p e w t K rf p* = 
^(tK(i)(sf)e)' Furthermore, by Proposition 17.151 for each ft, G there exist 

scalars ^(t' !K ',d')(^) G R, which do not depend on (s,p, e), such that 

^(t.K.d) = E .«'.«i')W Cf (^)(i',«'.*) ( mod w ^ )• 

(t',K',d')e«(/,A) 

To show that ^ is a cellular basis of „ it remains to check that ^ is a basis 

I - 1 

of W r , n - Now, W r , n = "K° n D K]n 3 • • • D #;,„ 2 is a filtration of by two-sided 
ideals, and the two-sided ideals #^ A , where A G A+(n — 2/), induce a filtration 
of ^ / r / „/#; / + 1 . Therefore, "jf spans 7fC r>n by Proposition E31 To complete the 
proof observe that #<5(/,A) = #^ 1 tld (A), by Lemma EH and #<?f = r"(2n - 1)!!, 
by Corollary 15. 21 As W r , n is a free i?-module of rank r n (2n — 1)!! by Theorem 15. 51 
this implies that ^ is an i?-basis of W r ^ n . Hence, ^ is a cellular basis of W Ttn as 
required. □ 

The reader may check that the proof of Theorem 17.171 does not rely on the 
explicit definition of the elements M st G #t in (u). The important property of these 
elements, as far as the proof of the Theorem is concerned, is that they are related to 
a cellular basis of J%. yn (u) by the formula of Lemma lT"ffi dL Consequently, for each 
cellular basis of Jif r ^ n (u) the argument of Theorem 17 . 1 71 produces a corresponding 
cellular basis of #^„(u). 

We now show that we can, in principle, construct all of the finite dimensional 
irreducible representations of the affine Wenzl algebras over an algebraically closed 
field. First recall that fl is rational if for i 3> it satisfies a recurrence relation of 
the form uji+k + aiu>i+k-i + • ■ ■ + ak^i = 0, for some k > and some oi, . . . , a& G R. 

Lemma 7.18. Suppose that is admissible and that R is an algebraically closed 
field. Then Q is rational if and only if there is a finite dimensional ffl®" {£t) -module 
upon which E\ is non-zero. 

Proof. First suppose that fl is rational. As in the proof of Proposition 13.111 £1 is 
rational if and only if 
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for some Cj £ i? and some s > 0. Hence, if SI is rational then SI is u-admissible 
where 

I ( c 1j • • •) c s)i if s is °dd, 
[ (ci, . . . , c s , 0), if s is even. 

Hence, #^„(u) is a finite dimensional #Jf ff ( SI) -module upon which the action of E\ 
is non-zero. 

Conversely, suppose that there is a finite dimensional #Jf ff (u)-module A/ upon 
which Ei is non-zero. Let c(t) = det(tl — X\) be the characteristic polynomial for 
X\ acting on M, where t is an indeterminate and / is the identity matrix on M. 
Write c(t) = V* ■'. where a = 1. Then Ej=o a j^i ~ J = on M by the 

Cayley-Hamilton theorem. Hence, X^=o aj£'i^i +A ' = Ey=o a j UJ i+k-jE\ is 
zero on M, for any i > 0. Therefore, mi+k + aiWi+fe_i + • • • + afcWj = 0, for i > 0, 
since £i is non-zero on M. Thus, SI is rational as required. □ 

Theorem 7.19. Suppose that R is an algebraically closed field. Then we can 
construct all of the finite dimensional irreducible W^"(Vl) -modules. 

Proof. First suppose that W£ {Vl) has a finite dimensional irreducible module upon 
which E\ is non-zero. Then SI is admissible. Then SI is rational by Lemma |7. 181 
Hence, by Proposition ^ . 1 ll cverv finite dimensional irreducible >^f ( SI) -module can 
be considered as a finite dimensional #^„(u)-module for some uGff such that fl 
is u-admissible. By Theorem l7.17l #C r (u) is a cellular algebra, so every irreducible 
(u)-module arises (in a unique way) as the head of some cell module. Hence, 
we have a construction of every finite dimensional irreducible ^f ff (Sl)-module when 
SI is rational. 

Finally, suppose that E\ acts as zero on every finite dimensional irreducible 
#; aff (S!)-module. Then every finite dimensional irreducible module M can be con- 
sidered as an irreducible module for the degenerate affine Hecke algebra of type A. 
Therefore, M can be considered as an irreducible module for some degenerate Hecke 
algebra Jff rtTl (u) (cf. the proof of Proposition 13. Now J£^ n (u) is a cellular al- 
gebra by Theorem 16.81 so we can again construct all finite dimensional ^f ff (Sl)- 
modules. □ 

Note that any given irreducible ^ aff ( SI) -module can be considered as an irre- 
ducible module for an infinite number of cyclotomic Nazarov-Wenzl algebras. Con- 
sequently, the classification of the irreducible ^„(u)-modules when ojo ^ (Theo- 
rem C), does not give a classification of the finite dimensional irreducible ^f ff (Sl)- 
modules when SI is admissible and loq 0. 

8. Classification of the irreducible #^„-modules 

In this section we classify the irreducible ^„(u)-modules, for fields in which 2 
is invertible, in terms of the irreducible ^. : „(u)-modules. As the involution * 
induces a functorial bijection between left #^„-modules and right #^„-modules, 
we continue to work with right #^„-modules as in the previous section. 

We begin by recalling a useful result of Wenzl's. 

Lemma 8.1 (Wenzl [Wcn88, Propositions 2.1(a) and 2.2(a)]). 

a) Any monomial B 7 £ 0B n (u)§) is either in SS n -i{io) or it can be written in 
the form aiaa2, where ai £ ^ n _i(wo) and a £ { E n -±, 5 n _i}. 

b) E n -i& n (uj )E n -i =^ n -2(wo)£ Ii -i. 

Lemma 8.2. Suppose that n > 2. Then S n -i^ n —i{u3o)E n —i = SS n ^i(ujQ)E n ^i. 
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Proof. If a € S8 n -2{ijJo) then S n -\aE n -i = aS n -iE n -i = aE n -\. Suppose 
a $ ^„_2(wo). By Lemma 18.11 we can write a — a\aa2 with a% £ i§Vi-2(wo) 
and a £ {E n - 2 , 5„_ 2 }- If a = E n - 2 , then S^ai^-i = aiS n -iE n -2E n -ia2 = 
aiS n -2(i2E n -i. If a = S n -2 then S n -xO,E n -i = aiS n -iS n -2E n -ia,2 — 
aiE n _2a<2E n -i. In all cases we have S n -\aE n _i S ^ n _i(wo)-E n -i. □ 

Lemma 8.3. Suppose that n > 2. TTien /or eac/i a € i/iere exists h £ W r ^ n -2 
such that degh < dega and E n _\aE n _\ = hE n _\. In particular, E n -\W r , n E n _\ = 

^r,n-2-En-l- 

Proof. We argue by induction on dega. It is enough to consider the case where 
a = X a B y X is an r-regular monomial in W r , n . Write X a = i"!^ 1 !^ and 
X 13 = X^X^iiX^ and define k = a„_i + a» + /3„_i +/3 n . If k = then the result 
follows from Lemma l8*TT b). so we may assume that k > 0. We split the proof into 
two cases. 

Case 1. Bry £ S§ n -i{ujQ): 

First suppose that i? 7 6 ^ rl _2(cJo)- Then we have 

is 7 A^ii/„_i — A B 7 ii n _iA I) _ 1 A ?l £/„_iA 

= (-i) q " + 0"X q b 7 £„_ix£_ 1 £„-ia: /3 . 

However, E n -iX*_ x E n -i = c 1 ;^ 1 i5 n _i by Lemma 14.151 where is a central 

element in #^ n _2- If fc < r then dego;^_ 1 < fc by Lemma 17.131 so the result 
follows by induction. Suppose then that k > r then X^_ x can be written as a 
linear combination of i — regular monomials of degree strictly less than k, so the 
result again follows by induction if B~ f £ ^„_2(wo)- 

Next, suppose that £? 7 ^ £% n - 2 (id ). Then B 1 = ByzBy, where 
By, By, £ #„_ 3 (wo) and z £ {E n _ 2 ,S n -2}. So E^X^'B^X^E,^ = 

S 7 'A' a i? n _iA'""^ 1 A'^"zA'f"j 1 A'f' , i? n ^iA'^i? 7 //. 

If z = E n _2 then 



= ±£„- 


l X n- 


-l+e»n ci 

-1 ■C'n- 






= ±£„- 




-2 ^n- 


2^„-2 


l E n _x 


= ±JC 


i-l+Cti 

-2 


% E n _iE n - 


-2-E'n-lA'fZ 


-i+ft, 

2 


= ±K: 


i-i+a, 

-2 


% E n -iX^[ 


-2 




= ±x*_ 




!• 







This completes the proof when z = £' n _2- 

Now suppose that z = 5„_2- Using the relations l|2.1[) . 

En-lX^i 1 X"" S n - 2 ^n - 1 1 X% n E n -l = ±E n - 1 A'""~ 1+ "™ SVi-2 A^"~ 1+/3 " 1 

= ±E n -iS n - 2 XnE n -i 

= ±E n ^iE n - 2 Sn-iXnE n ^i. 

If fc > r then we can write X* as a linear combination of r-regular monomials each 
with degree strictly less than k. So by induction we may assume that k < r. Then, 
by Lemma 1531 S n -iX* = X^Sn-i+X, where X £ W r , n is a linear combination 
of terms each of which has total degree in X n and X n _\ strictly less than k. Hence, 
by induction, E„^iE n _ 2 XE n -i = b!E n -\, where h! £ W r ^ n - 2 and degh' < k. 
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Further, 

= (— 1) E n -iE n -2E n -iX n _ 2 = (— 1) X n _ 2 E n _\. 
Consequently, E n _ 1 X a B 1 X^ 'E n _i = hE n -i, where h € ~W r ,n-i and deg/i < dega. 
Case 2. B 7 ^^„^i(w ): 

Once again by Lcmma lH.ll we can write B 7 — ByzBy , where By, By 6 ^„_i(cjo) 
and z 6 {5 n _i, E n -{\. 

If z = E n -i then the result follows using Case 1 twice, so suppose that z = S n -i. 
Then 

P V a 11 V/5 P vol p y a n-l va n r o I > vPn—l v(3 n p y0 

-C'n-l^- -t> 7 A — A Ai-l^n-i A.„ £> 7 / i n _ i Dy A„_ 1 A„ fi„-iA . 

If (3 n -i + /?n = then S n -iByE n -i = hE n -i, for some /i £ =$? n _i(a;Q) by 
Lemma 18.21 so the result follows from Case 1. Hence, we may assume that 
f3„-i + P n > 0. Similarly, we may assume that a n -i + a n > 0. 
Next, suppose that By £ & n - 2 (u) ). Then 

E n -\X a B^X^ ''E n -i = ±X a E n -iXnli 1+a ™ B^' B^'> S n -iXn n ~ 1+ P™ En-iX 13 . 

Once again, by induction we may assume that /3 n _i + f3 n < r. Then, by Lemma l2.3l 
S n -xXt~ 1+Pn = Xfr! 1+/3 "5„_i + A, where degA < /3„_i +/3„. As S n _i^_i = 
£7 n _i it is enough to consider E n ^iX"^ 1 +a " By By X^ ^_ 1 +l3n E n -i. As By By s 
&8 n —i(wo), this can be written in the required form by Case 1. 

Finally, suppose that By ^ 3£ n - 2 {uo). Then either By/ = By £? n _2-B 7 » , or 
By = ByS n - 2 By, where By, By S ^„_ 2 (^o)- If £ 7 " = ByE n ^ 2 By then 

-En _ i A n ™ j 1 X%" By S n _ 1 B y j' £"„ _ 2 By X n ™ j 1 X@ n E n _ i 

LP y"n-l+«n R R Q TP R V' 3 " ~ 1 + /3 >» I? 

— ±-<-Wi-lA n E>y Oyo n -\lii< n -<2,DyA. n _ x 

ip ya»-l+t>» n R Q 77 Y"Pi»-l+0n 771 R 

— ±On-lAn Hj'-tSydn— l- e '7i-2A n _l ^n-l-By. 

ID yt>n-l + I>» n DC I? v /3„-l+/3„ 77, R 

— ±%-lAn ±S 7 '±S 7 »D„_iii„_2A. n _ 2 ii„_ii5 7 » 

— ±%-lA n ±S 7 '±S 7 »D„_iii„_2-C'n-l A. n _ 2 i3 7 » 

LP v «n-l+«n R R C P n 

— ±-C'n-l^-n - t '7'- t '7(''Jn-2-C'n-lA- n _2 "lit" 

Now deg(A"i? 7 /i3 7 //S'„_2) < dega since /3 n _i + /3„ > 0. Hence, the result now 
follows by induction. If By = ByS n - 2 By then 

B„_iA n 2 1 1 ^""-B 7 'S'„_ii? 7 j'S'„_2-B7^^f"i 1 A^"£'„_i 

ip v a„-i+a„ n R c c v-/3n-l+/3n 771 r 

— i-C'n— lAfi D 7 /D 7 /O n _iO„_2A n rj n -\Dy 

LP n R O Y0n-1+Pn Q P R 

— i-C'ri-l^-n OyriyOn— lA n D 71 _2-E'n— \&y- 

By Lemma IO we can write S , „_ 1 A^"- 1+/3 ' 1 = xf^ 1+/3n 5„_i + X, where deg A < 
/3„_i + /?„. Now, 

P R R vPn-l+Pn Q C P R 

-t^n-l^-n tSytiy A n _ 1 £> n _ii> n _ 2 £j n -il3yj 

— P R R v' 3 "- 1 +' 3 ™ p p R 

— -C/n-l-t>7'-t>7('A„_ 1 A„ £, n _2-C/„_l-D 7 » 

■C'n-l- t '7'- t '7j'^-n-l ^n-2A„ Hi n -\tjy 

— P R R v^™- 1 +' 3 " P P R y«n-i+a„ 

— &n-l- ts 'f' A n _i tli n -2Jii n -iriy A n _ 2 

As a„_i + a n > we can write £ , „_iB 7 'B 7 //Af"^ 1+ ' 3 "ii' I1 _2£'7i-i in the required 
form and so completes the proof of the case — and hence the Lemma. □ 

By iterating the Lemma we obtain the result that we really want. 
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Corollary 8.4. Suppose f > 0, w € & n and that k, p £ Nr"^ . Then 

E f X p S w X K E f = hE f , 

for some h £ W r ,n-2f- 

As we now briefly recall, by the general theory of cellular algebras [GL96,Mat99], 
every irreducible 5^. )n -module arises in a unique way as the simple head of some cell 
module. For each (/, A) G A+ fix (s, p, e) e S(f, A) and let c[{^ d) = Cgfy^Q + 
W^n- By Theorem 17.171 the cell modules of W r , n are the modules A(/, A) which 

are the free i?-modules with basis { d) I (^ K ' ^) e 'v J" - ^ e ce ^ m °dule 
A(/, A) comes equipped with a natural bilinear form <fif,\ which is determined by 
the equation 

(<i,p,e)(t,K,d) (t', K '^')(s,p,e) = ^/M (t,K,d)'°(t', K ',d')/ ' °0,p,e)0,p,e) ( , m0CL *V,n J- 

The form 4>f t \ is #^ !Tl -invariant in the sense that 4>f^\{xa, y) — cf>f i x(x,ya*), for 
x,y £ A(/, A) and a € "W T ,n- Consequently, 

Rad A(/, A) = { x £ A(/, A) | />A (x, y) = for all y e A(/, A) } 

is a /^.^-submodule of A(/, A) and D(f,X) = A(/, A)/ Rad A(/, A) is either zero 
or absolutely irreducible. 

In exactly the same way, for each multipartition A £ A+(n — 2/) the correspond- 
ing cell module S(X) for J^ !rl _ 2 /(u), the Specht module of section 6, carries a 
bilinear form <f)\. The quotient module D(X) = S(X)/ Rad S(X) is either zero or an 
absolutely irreducible ^. !rl _2/(u)-module. 

We can now prove Theorem O 

Theorem 8.5. Suppose that R is a field in which 2 is invertible, that O is u- 
admissible and that loq ^ 0. Let (/, A) £ A+. Then D^ ,x ^ ^ if and only if D x ^ 0. 

Proof. It is enough to prove that 4>f,\ 7^ if and only if cf>\ ^ 0. 

First, suppose that <j)\ ^ 0. Recall that the Specht module 5(A) has basis 
{m t I te ,^ std {X)}. Then <£ A (m t ,m D ) ^ 0, for some t,t> £ ^ std (A); that is, 

m si m vt g M^-2f- Let Q to tne zer0 vector in N£ . Then 

^ / ;p ) l )( t,o,i)4 / :o, ) i)( S> p,e) = s:x»EfM st EfM m x"s e 

= S* e X p {E f ) 2 M st M» s X p S e 

= uj f cb x (m t ,m )S:X<>Ef M ss X p S e 

ee ^^K, m D )C ( ( f; p A) e)(5 p e) (mod W r % x ). 

Hence, ^/^(C^^, = ^o ( t>^( m ^ m f) °> so tnat 4>f,x ^ °- 

Now suppose that (j>f t \ ^ 0. Then there exist (u,a,u),(x>, 0' ,v) £ S(f,X) such 
that HAC^Cllf^) ± 0. That is, 

n / r U,>>) n {f,>>) 

= S* e X p E f M su X a S u ■ S*X f3 E f M os X»S e 

= S;x p M su E f X a S u S*X l3 E f M a sX p S e 

= S:X p M BU hM VB EfX p S e , 

for some h £ W r , n - 2 f by CorollaryEl Now, M su £ f M os Ef C C by 

Lemma [7.41 Therefore, Proposition 17.21 implies that there is an h! £ ffl r ^ n -if{\x) 
such that m su h'm V c, / (mod ^.^_ 2 /)- Consequently, ^ 0. This completes 
the proof of the Theorem. □ 
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We remark that the irreducible representations of the Ariki-Koike algebras are 
indexed by the u-Kleshchev multipartitions; see [AriOl, AMOO]. In the special case 
when Ui = di ■ 1r, for 1 < i < r and where < di < chari?, Kleshchev [Kle05] 
has shown that the simple ^. !Tl (u)-modules are labelled by a set of multipartitions 
which gives the same Kashiwara crystal as the set of u-Kleshchev multipartitions 
of n. Hence, in this case, the simple #^ n (u)-modules are labelled by the set 
{(/, A)}, where < / < [_§J and A is a u-Kleshchev multipartition of n — 2/. By 
modifying the proof of [DM02, Theorem 1.1], or [AMOO, Theorem 1.3], one can 
show that under the assumptions of Theorem 18 . 51 the simple /^. !rt (u)-modules are 
always labelled by the u-Kleshchev multipartitions. (Note, however, that we are 
not claiming that D^' X ^ ^ for the multipartitions A which Kleshchev [Kle05] uses 
to label the irreducible ^. jra (u)-modules.) 

We close by classifying the quasi-hereditary cyclotomic Nazarov-Wenzl algebras 
with ojq ^ 0. See [CPS88] for the definition of a quasi-hereditary algebra. 

Corollary 8.6. Suppose that R is a field in which 2 is invertible, that fi is u- 
admissible and that luq =/= 0. Then W r:n (u) is a quasi-hereditary algebra if and only 
if chari? > n and u is generic for J^ jn (u) (Definition \6.4\ ■ 

Proof. By [GL96, (3.10)], a cellular algebra is quasi-hereditary if and only if the 
bilinear form on each cell module does not vanish. Therefore, W r>n is a quasi- 
hereditary algebra if and only if D^' X > ^ for all (/, A) € A+ and J£^ n _2/(u) 
is quasi-hereditary if and only if D x ^ for all A 6 A+(n — 2f). Hence, by 
Theorem 18.51 #^„(u) is quasi-hereditary if and only if the algebras Jf^ n _2/(u) 
are all quasi-hereditary, for < / < |_§ J ■ However, the degenerate Hecke algebras 
are Frobenius algebras by [Kle05, Cor. 5.7.4], so they are quasi-hereditary precisely 
when they are semisimple — since Frobenius algebras have infinite global dimension 
when they are not semisimple, whereas quasi-hereditary algebras have finite global 
dimension (see [Don99, Prop. A2.3]). Hence the result follows from Theorem 16. Ill 

□ 
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